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Abstract

We analyse a general, dynamic neoclassical production economy. We
show that any sequence of competitive equilibrium prices converges to a
vector of production prices. Thus, far from being a special case, classical
prices of production are the attractor of neoclassical equilibrium prices.
Indeed, and this is a second insight, prices of production turn out to be
the (unique) supporting price vector of the turnpike capital accumulation
path. Finally, our results have some implications for theories of exploita-
tion and class, and distributive justice more generally.
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1 Introduction

This paper examines the long-run dynamics of competitive equilibrium prices in
a general neoclassical economy. This is a classic topic in economic analysis and
rivers of ink have been spilled on it. We contribute specifically to three strands
of literature.
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First, classical production prices and neoclassical equilibrium prices have
long been considered to reflect alternative views of the functioning of capital-
ist economies. In the classical approach, for a given technology and wage rate,
production prices guarantee a uniform profit rate across sectors and firms. Pref-
erences and demand play a limited, or indeed inexistent, role. In the neoclassical
approach, for given preferences, technology and endowments, equilibrium prices
guarantee market clearing. Demand is pivotal.!

In the debates on capital and value theory, authors working in the classical
tradition have raised doubts on the logical consistency of neoclassical theory.
In a classic article, Hahn [9] rebutted the charges and argued instead that pro-
duction prices are of limited interest by showing that in a simple two-period
economy with a fixed Leontief technique, classical prices of production consti-
tute a Walrasian equilibrium only for well-chosen initial endowments. They
represent a rather special, ad hoc case of Walrasian equilibrium prices.

Dumeénil and Levy [8] and Dana et al [6] turned Hahn’s criticism on its head
by showing that, in a relevant, dynamic sense, Walrasian general equilibrium
prices are but temporary and converge to classical production prices. The for-
mer contribution proved this result in an infinite horizon model with a single
consumer, a fixed Leontief technique and an exogenous given real wage. Dana
et al [6] generalised the result to an economy with multiple alternative Leontief
techniques and multiple agents.

In this paper, we derive a general correspondence between production prices
in classical-Marxian economics and Walrasian competitive equilibrium prices
in a standard intertemporal economy with a discounted lifetime utility function
and a general neoclassical technology. Unlike in Duménil and Levy [8] and Dana
et al [6], the dynamic path of Walrasian equilibrium prices is characterized by
the Euler equation and equilibrium factor prices are endogenously determined in
each period. Therefore, our intertemporal Walrasian equilibrium is much closer
to the standard neoclassical type, compared to Dana et al [6].

Second, the long-run behaviour of the competitive equilibrium of a multi-
sectoral economy is at the core of the literature on the so-called “turnpike the-
ory”. Contributions in this literature typically focus on the behaviour of the
optimal path of capital accumulation, rather than the relevant supporting prices.
In economies with infinitely lived agents with the same (sufficiently small) dis-
count rates on the future, it can be proved that the equilibrium allocations of
all agents converge to a certain manifold — the von Neumann facet — regardless
of initial endowments, and the stationary vector of capital stocks is Lyapunov
stable.

However, unlike in our paper, the vast majority of the literature on the
Turnpike Theorem does not address the long-run dynamics of intertemporal
competitive equilibrium prices. To the best of our knowledge, the main ex-

! According to Walras ([23], section V) in equilibrium (i) all markets clear, and (ii) a uniform
rate of return emerges for each enterprise. In a static framework, however, properties (i) and
(ii) are not compatible, and prices of production in general differ from general equilibrium
prices. For this reason, the definition of general equilibrium after Walras was restricted to
property (i) (Dana et al [6, p.263]).



ceptions are two contributions by Bewley [3] and Yano [24] which analyse the
relation between an intertemporal competitive equilibrium trajectory and the
turnpike accumulation path. In particular, Yano [24] shows that at an intertem-
poral competitive equilibrium both capital stocks and prices will approach a
neighbourhood of the turnpike path, which is therefore proved to be Lyapunov
stable.

We significantly generalise these results since we show that any path of in-
tertemporal competitive equilibrium prices will converge to the prices of produc-
tion, which would serve as the supporting price vector of the turnpike capital
accumulation path. The trajectory of intertemporal competitive equilibrium
prices is therefore globally asymptotically stable. This result holds even though
we examine a rather general economic environment in which only the so called
“Neighbourhood Turnpike Theorem” (Mckenzie [11]) can be applied for the in-
tertemporal competitive equilibrium path of capital accumulation.

Third, the long-run behaviour of competitive prices is relevant also for the
literature on exploitation and distributive justice. Roemer [16] famously pro-
vided microfoundations to exploitation and class within a Walrasian general
equilibrium model. He showed that differential ownership of productive assets
is necessary and sufficient to generate exploitation and class and concluded that
asset inequalities are the only normatively relevant phenomenon. Exploitation
and class are largely irrelevant.

Veneziani [21, 22] showed that this conclusion holds only in a static model:
in a dynamic economy with a fixed Leontief technology and labour minimising
agents, absent time preference, competitive equilibrium prices converge in the
long-run to labour values, and profits disappear even if there is no accumulation.
The possibility of saving is sufficient to raise doubts on the idea that exploita-
tion and class can be microfounded in a Walrasian model and reduced to asset
inequalities.

In this paper, we significantly generalise the latter result. In fact, if agents
do not discount the future, then prices uniquely converge to labour values in an
economy with general preferences and technology, and at any (interior) com-
petitive equilibrium, whatever the dynamics of assumulation.

In section 2, we lay out a general model of neoclassical intertemporal econ-
omy. Section 3 proves the existence of an intertemporal competitive equilibrium.
In section 4, we focus on economies with no joint production and show that Wal-
rasian equilibrium prices converge to a generically unique vector of production
prices in the long term.

2 The model

Consider a closed economy with n produced goods, which may be consumed
and/or used as inputs in different production activities.
For any integer m > 0, let R™ (resp., R}, R}, , R™) denote the (resp.,
non-negative, strictly positive, non-positive) m-dimensional Euclidean space.
The notation for vector inequalities is as follows: for all z, y € R™, x = y if



andonly if z; 2 y; (i=1,...,m);x >y ifandonlyif z 2y and x # y; x > y
ifand only if z; > y; (i=1,...,m).
For any set X C R™, let 0X = {z € X|pa’ € X : 2’ > x} be its frontier.

2.1 Technology

Technology is described by a production set P C R_ xR™ xR’} with elements —
activities — of the form o = (—aqy, —a, @), where oy € Ry is labour measured in
hours; a € R’ are inputs of the produced goods; and @ € R} are the outputs.
The net output vector arising from « € P is denoted as a =@ — a.

Let 0 = (0,...,0)" denote the null vector. In what follows, some mild, stan-
dard restrictions are imposed on the production set.

AO0. P is a closed convex cone in R?"*! and 0 € P.

Al. Foranyae P,a>0=q; >0and a>0;and@ > 0= a > 0.

A2. For any c € R, there exists o € P such that a = c.

A3. Foralla € Pand (—o/, @) € R® xR, (—a/, @) < (—a,@) = (—q, -/, @) €
P.

A0 allows for general technologies with constant returns to scale. A1l im-
plies that labour is indispensable in production and by requiring all produced
inputs to be used in order to produce a positive amount of all outputs, it gen-
eralises standard ‘indecomposability’ conditions. A2 states that technology is
productive in that it allows to produce any non-negative commodity vector as
net output. A3 is a free disposal condition.

Technology is freely available to all agents.

2.2 Agents

Let N = {1,..., N} be the set of infinitely-lived agents with generic element v.?
Each agent consumes n goods and leisure in each period ¢ and their per period
utility function u is defined over a consumption set C' = R’} x [0,1]. Let ¢; and
A; denote, respectively, the agent’s consumption bundle and the labour they
perform. For each (¢;, A¢) € C, the utility function is:

U(Ct, At) = 'U(Ct) — O'At,

where o € (0,1) and v : R} — R is strongly monotonic, continuously differen-
tiable, quasi-concave, homogeneous of degree one, and satisfies v(0) = 0.

In every t, (ps, w;) is the 1 x (n+ 1) price vector, where p; denotes the prices
of the n commodities and w; is the wage rate.

Following Roemer [15, 16], we explicitly model the structure of individual
exchange and production decisions. Production takes time, and each production
period is divided into two stages: markets for productive assets operate at the

2We focus on economies with infinitely-lived agents but the main conclusions can be ex-
tended to the case with agents living for finitely many periods.



beginning of ¢, where goods are exchanged at the prices p;_1 ruling at the end
of t — 1 and beginning of . At the beginning of ¢, wy | € R"} is the vector of
productive assets owned by v, where wg are the endowments inherited by v at
birth. The market value of v’s endowments, v’s wealth, is p,_jw}_;, which can
be used to purchase either inputs in order to operate 3; € P with hired labour
and af € P working on her own; or commodities 6] € R’} to be stored and sold
at the end of t. Each v € A can also supply labour 7% € R on the market. At
all ¢, the total amount of labour performed by v € N is A} = of, +~% € [0, 1].

Output is exchanged on the final goods market at the end of ¢, at end-of-
period prices p;. For each v € N, proceedings from production and the sale of

assets are, respectively, p; (a;’ + Bty ) and p;6}, while earnings are w;vyy. Thus

gross income at the end of ¢ is p; (a;’ + Ej ) + w4 pi6] from which wages to

any hired workers w3}, must be paid. The rest of ’s income can be used to
purchase consumption goods ¢ € R’} and to finance accumulation wy € R} .

Let ¢ = {c/},2, be v’s lifetime consumption plan; and likewise for a”, 7, 7", 6",
A, and w”. Let & = (¥, 8",4", 6", ¢, w") denote a generic intertemporal plan
for v. Let p € (0,1) be the time preference factor.

Let (p,w) = ({pe},=g,{wi},oy), be an intertemporal sequence of prices.
Each v chooses £” to maximise discounted lifetime utility subject to the con-
straints that in every ¢, (1) income is sufficient for consumption and accumula-
tion; (2) wealth is sufficient for production plans; (3) production activities are
technologically feasible and labour performed does not exceed the endowment.
Formally, each v solves programme M P¥.

MP": n%%prt_l [v(c)) —oAY],
t=1

subject to Vt=1,... , T,
piay + [piB) = wiBh] +wer + pud) 2 pet + ot (1)
Pt (af + B +87) < peoawy, (2)
oy, By € P, (c[,A) € C. (3)

2.3 Equilibrium

Let Qg = (w(l),wg, ...,wév). Let E(P,N,u,p,Q), or as a shorthand notation
E(Q), denote the economy with technology P, agents N, preferences u, dis-
count factor p, and productive endowments Qq. Let c; = ) .\ cf; and likewise
for all other variables. For the sake of simplicity, let “for all ¢” stand for “for
allt =1,2,...”7. The equilibrium concept can now be defined.



Definition 1 For each E(P,N,u, p,0), a price sequence (p, w) and associated
plans (§7),cpr constitute a competitive equilibrium (CE) if and only if they
satisfy the following conditions:

(i) & solves MPY (Yv € N) (optimality);

(1) @ + B, + 61 = ¢ +wy (V) (output markets);

(i1i) o, + B, + 6t = wi—1 (V) (produced input markets);

(iv) By, = v, (Vt) (labour market).

Definition 1 represents a standard concept of Walrasian competitive equilib-
rium in intertemporal production economies, and it is significantly more general
than other equilibrium notions in this literature. Hahn [9] focused on a two-
period general equilibrium model. Duménil and Levy [8] and Dana et al [6] focus
on a more general, long-term intertemporal equilibrium. Nonetheless, they do
not explicitly model the labour market (the equilibrium wage rate is implicitly
assumed to be fixed to the subsistence level in every period) and impose a zero-
profit condition on (discounted) equilibrium prices. In contrast, Definition 1
explicitly considers all factor markets and does not rely on the zero-profit con-
dition. This is more appropriate, since a zero profit condition does not need to
hold in the competitive equilibrium with constant returns whenever production
takes time, as Roemer [15, 16] argued.

3 The Existence of Competitive Equilibria

Denote the aggregate consumption set by CV = R? x [0, N]. Consider the
following social planner’s optimisation programme M PsP:3

o0

MP* P (v (e) — oAy)

max
{(atu(sty(ctgAt)»wt)}toil —1
subject to wo = ),y wg and, for all ¢,

@ + 0 2 ¢ + wy;
o + 6 S wi;
iy = Ay;
. N
oy € P,(Ct,At) e C.

Let the feasibility constraint correspondence W¥ : R? — R be defined as:
W) ={v' eR:|3((cA),0) eCN xP:y<A aSw, @+ (w-a)Zc+uw'}.
This correspondence is non-empty, compact-valued, and continuous. Let

OF = {(w,w') ERE xR} | W' € T (W)}

3MPsP allows for the possibility that a, +6¢ < w1 and/or @y + & > ¢4 + wi. This
implicitly implies free disposal of capital goods and output.



be the graph of U*: ®” is convex. Given wy, the set of feasible sequences is
FP(wo) = {w = (w1, wa, ..., we,...) | wp € U (W) (VE 2> 1)}

The correspondence F¥ is non-empty because ¥’ is non-empty and, as in
Aliprantis and Camera ([1], Theorems 2 and 3), it can be proved to be compact-
valued and continuous with a closed graph. For each ¢, for each (w;_1,w;) € ®F,
let the one-period return function F : ®¥ — R be

Flormtnwn) = B (00~

subject to gy = A¢, oy Swio1, @+ (wWio1 — ) 2 ¢+ wy

Let D : @ — P x CV be the correspondence describing the set of feasible
(o, (i, Ar)) € P x CV. By Berge’s Maximum Theorem, F is continuous, as D
is compact-valued and continuous. Then, M P*P reduces to:

(oo}
MP*™ . max LR (w1, wy).
wé]:P(wo);p ( =1 t)

By Lemma 7(a) in Aliprantis and Camera ([1]), M P*?"¢ has an optimal solution
w* € FP(wg). Then, there exists an optimal solution {(af, &5, cf, Af,wi)}ie,
to MP*P. Let the set of solutions to M P*P be denoted by O(wp): at any
{(a, 87, ¢t Af wi)}o, € O(wo), it must be o, = A} at all t. (If o], < A} some
t, then the planner can increase social welfare by reducing A} to A} = o}, while
keeping everything else unchanged.)
Within the set O(wy), we define an interior solution as a solution {(«a;}, 87, ¢;, Af,w})} =, €
O(wp) in which ¢f > 0 for all ¢ — that is, all commodities are consumed in every
period.
We can now prove our main existence result*:

Theorem 1 (Existence of CE): For any E(P,N,u,p, Qo) with wy > 0, let
{(ag,67,¢;, Af,wi)}oy be an interior solution to MP*P. Then, there exist a
price vector (p*,w*) > 0 and a suitable (§"), .\ which constitute a CE.

Proof. Let {(aj,6;,c;, A, w;)}~, be an interior solution to MP*?. Given
A0, we define a continuous and convex implicit production function I'' : R x
R} x R} — R as follows:

(_al7 _Q,a) €eP& FP (Oél,g7a) g O’ and
(—u, —a,@) € P & I (ay, 0, @) = 0.

It is immediate to show the existence of a feasible sequence { (o, 87, ¢}, Aj, w) } - |
such that for each ¢, a, < A}, o) + 6, < w,_, @, + 6, > ¢, + w}, and

4In Appendix 7.1, we provide sufficient conditions for the existence of interior solutions to
M P5sP based on mild restrictions on preferences and technology.



I'? (o), a},@;) < 0. Therefore by the Kuhn-Tucker Theorem (Nikaido 1970,
Theorem 37.3), there exists a profile of non-zero and non-negative Lagrangian

multipliers (ult, Ky Ty §t) € Ry xR xR xRy for each ¢ such that {(a, 67, ¢f, A, wi)} oy
is a solution to the following programme:

o0
MPL . max Zptfl[v (ct) — oAy — gy (cr — A) — M, (o + 6¢ —wi—1)
{(ae.60,c0,Ap,w0) 153 —1
+ 7 (@ + 6, — e —wy) — oTr (Qup, oy, )]

Since I'P" is convex, there is a suitable non-zero vector (qlt, 4, at) for each ¢
such that

—quag; — g,a7 + gy = 0; and

—quragt — gtgt +qtat g 0 for all (_alv —Q, a) € Pv

and the following first order conditions hold for each ¢,

Vu(e;) =, £ 0, ¢f 20, and [Vo(c;) —Tylef =0 (F1)

—tyy +Seqie = 0, oy 2 0, and [—py, + Siquelag; = 0 (F2)

~p, + 51, £0,af 20, and (—p, +ig,) af =0, (F3)

T, —q, S0, @ 20, and (7, — q,) @ =0, (F4)

T+ oty S 0,07 2 0, and (<7, +pp, ) wi =0, (F5)

—p, + 7, £ 0,6 20, and <—Ht + ﬁt> 8 =0, (F6)

—o 4y £0, A7 20, and [—0 + py]A; =0, (F7)

af +6; —wi 1 =0, p, 20, and (af +6 —wi_q)p, =0, (F8)

— (@ +6; —cf —w{) 20,7, 20, and (a7 +6; — ¢ —wi)H =0, (F9)
af; — Ay £0, puyy 20, and (o, — AY) gy, = 0. (F10)

By (F1), noting that at an interior solution ¢; > 0, i, = Vv (¢f) > 0.

By (F4), @, > 0 and ¢; € Ry imply ¢; > 0, which in turn implies g, > 0.
By (F9), 7z, > 0 implies @} + 6; — ¢ —wj = 0.

By (F6), i, > 0 implies p, > 0.

By (F8), 1, > 0 implies a; + 67 = w;_;.

By (F9), ¢; > 0 and w} = 0 imply a; + &; > 0.

We show that aj > 0, all £ > 1. Suppose @; = 0 for some ¢t > 1. Then,
6; > 0 follows from ¢; + w; > 0, and then #, > 0 implies p oy < pwi ;.
Moreover, wi_; > 0 follows from af + §; = w;_;. Consider § > 0 such that
Htéi = p1,6; > 0. Then, by definition, (af +6; —wj_y) =0.

Choose a sufficiently small € € (0,1) such that &; = e}, < min {&},,w},_;}
all i. Define w, | = wf , —€, ¢, =c ,+e 6 =6 —¢, and ¢, =



¢ —e = (1—¢€)c;. Hence, p, (o +6/ —w;_,) = 0. Further, by definition

By (af + 6 — ¢, —wi) =0, (@) + 6; — ¢f —wj). Therefore i, (@ + 6, — ¢} —wj) =
0 if and only if 77,6; = 7,6;. The latter equality holds because 1,8, = p,&; by
construction and by (F6), 6; > 0 implies 7i, = pi,. Then

v (choy) = oAy — ey (my — Afy) — L (@1 + 671 —wis)
Ty (5;1 +6; 1 — Céfl - Wéq) - §t711—‘P (a?tflvgr—lvarfl)
= v(co1) —oA > v () — oAy,
and
v(c) — oAy =y (afy — A)) — p, (af + 67 — i) + 1, (@ + 67 — ¢ —w)) —T" (o, a7, ap)
< w(cf)—oAj.

Compare v (¢j_y) + pv(c}) and v (¢;_;) + pv(ci). Then, it follows from the
quasi-concavity and the linear homogeneity of v that

o)+t = 20(g(are) i -e

1\

2 (30(62) + 3000 ) + oo () v (@)

= v(cy) tv(e)+p(c) —v(e) =v (i) +pv(c)+(1—p)v(e)
> U(C:—l) +pv (i),

where the first weak inequality follows from the fact that a quasi-concave and
homogenous of degree one function is concave (see, e.g., Silberberg and Suen
[17]), while the last strict inequality follows from p < 1. Thus, we have v (¢,_;)+
pv (c;) > v (¢;_y)+pv (c}), contradicting the assumption that (o, 87, ¢j, A7, w})
solves M PL. Therefore, @y > 0 holds for all £ > 1.

Because @; > 0, of, > 0 by Al. By (F2), o, > 0 implies s,q;; = . By
(F10), A} 2 «f, > 0, and therefore (F7) implies p;;, = o > 0. In turn this
implies g;; > 0, since ¢; > 0. Further, A} = «j; by (F10).

Consider any sector ¢ such that @}, > 0 and o, > 0. By (F4), T;, = <G+
and by (F3) p. = <iq,,. By (F5), 7ty = pit,, ., holds, which implies ¢,7;; =
PSt+1;,, for any such . If either @j, = 0, or o, = 0, or both, then given
(F6), (F4), and (F3), we can set ¢;q;; = pst+14;, ., without loss of generality.

Therefore, in summary, g, = pst419 1

Let (wf,pf) = (qit,q,) for all t. Then, ¢;pf = PSt414, ., ;- Let (1 +r;‘+1) =

C:ﬁp_l, then g, , = (1+7r74) p;. From (F1) and (F4), ¢, = %f:) holds for
all 4, t. Moreover, since ;g = py; = 0 by (F2) and (F7), ¢ = cp1p (1+7714)
implies the Euler equation

wyy = p(1+7{,)w; for each t.



Finally, by (F3)-(F4), —p, + 71, = —c¢ (L+77) p{_q +<pj at all t > 1. By
(F6), — (L +7f)pj_1 +p; < 0 must hold at all ¢ > 1. Consider ¢t =1. Ifaj >0
holds, then aj > 0 by Al. As p. = g, holds for aj;, > 0 and each ¢, we can
specify c1¢, = p, by (F3) with p | = ¢;g,, for all i with oy > 0, while if o} =0
we can set p. =<1, without loss of generality. Then, by pj = ¢ "y py > 0 and
p§ 2 p; must hold.

In summary, we get a price sequence (p*, w*) > 0 and a sequence r* =
{rs}°7 with r¥ = 0 such that for all ¢,

proy = (L+77)pi 10 +wiag, (4)
pia = (L+7f)pi_1a+wia for any a € P, (5)

and {(af, 8}, ¢cf, Aj,w;)},—, constitutes a solution to the following programme:

(oo}

-1
max v(cy) — oA
{(as,6¢,c6,A,we) 152, — P ( ( t) t)

subject to: for each ¢,

pi (@ +61) = prew + prwi;
pioy (@ +61) = pi_qwi—1;
e = Ay
ar € Py and (e, A¢) € oV,

We can now show that (p*, w*) can support a CE. To see this, it is sufficient
to note that {(a},8;,c;, A},w;)},—, can be decentralised given (p*, w*).

Given Qq, let 07 | = 2121 with g = ta=t for each v € N. Then, for all
0

Py1%i—1
t and v, consider two cases: (1) if pj¢; — wyaj, = 0, then:

~ [pray — (L4 priop] + 07, [A+ 1)) pi_ywiy — piwi]
[iay — (L +rf) piogag] + [(L+77) pi_ywisy — pfwi)

i

and 0y = 6;_,; and (2) if pjc; — w;ef, <0, then:

% [wyaj;, — pici] +0{_4 [(1 + Tf)?ﬁl“?fl]
piwi

0

+ R

3

and ) ,
~wiag + 0,y [(1+ 7)) pi_ywi_i] — 0/pjw; _ 1

kv .
i pier N

It is immediate to prove that, in both cases, k} € (0,1), 6] € [0,1], and
Yven ki =3 ,ca 0] =1 atall t. Then, at all ¢, for each v € N, let
*UV 4 kU *V v 1 v * v v, %
(at 757& » Vi 6 Gy Wy ): ant—latvNaltaat létak Ctaa AR

10



Then, for each v € N, £ = {¢}"},2, constitutes an optimal solution to the
following programme M P” given (p*, w*):

MP" ax () = o)

: m
{(182,7'72/15?70?»“}?)}1:1 t=1
subject to: for every t,
Myl * * * * *
i By _wtﬁlyf,} +wiyy +pidf = pic) + piwi;
pioy (B +61) = Pl
By € P,y = 1.

Thus, £ solves M PY at (p*, w*) for each v € N.

Moreover, by the definition, ) .\ B, = doven GV enwitand 3o a3 =
> venwi”y hold for every t. Finally, - .\ 81 = >, carvi” holds for every .
In summary, (p*, w*) associated with (™), is a CE. m

Remark 2 In the last two paragraphs of the proof, we set of =0 for allv € N
and all t. This is without loss of generality, since it is easy to show that if
(B, ~v:Y) is part of an optimal solution for v at t, then by the convexity of
MPV, any (Oz;*”, i*l/,,_y;*u) satisfyz’ng Q;*V +é;*z/ _ é:u7 a;*y+ﬁi*y _ B:V, and
¥+ =A7Y s also optimal for v at t.

4 The emergence of classical production prices

Consider the subset of economies without joint production. The set P can be
described as follows. Suppose that for each good i = 1,...,n, there exists a
set 7% C R’ x R, comprising all combinations of inputs that produce at
least one unit of good i. The boundary of 7, iis the isoquant for the unit
production of i with generic element (a;,l;) € 7%, which can be interpreted
as being derived from a continuous, strongly increasing, quasi-concave, and
linearly homogeneous production function f*: Ry x R — Ry. Then P can
be represented by 7 = X;=1,. 7" and, without loss of generality, a generic
element of 7 is denoted by a Leontief production technique (A, L).> 7 is closed
as T'is closed in R x Ry foralli=1,...,n.

By A1, for any (A,L) € 7, L > 0. By A2, there exists (A',L') € T
such that A’ is productive. In this section, we should slightly strengthen A1

5This formulation is based on the description of the neoclassical production function by
Atkinson and Stiglitz ([2], p. 573): “as the number of production processes increases (in an
activity analysis model), the production possibilities can be more and more closely approxi-
mated by a smooth, differentiable curve. But the different points on the curve still represent
different processes of production, and associated with each of these processes there will be
certain technical knowledge specific to that technique.”
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to require that for all (4,L) € 7, A be indecomposable. As a result, the set
of matrices A in 7 is bounded below by the zero matrix A® = 0. The set of
vectors L in 07 is bounded below by 0.

Consider a CE ((p*,w*), (™), ) With (p*, w*) > 0. There exists an
intertemporal path of optimal social production activities {a?}fi 1 associated
with this CE. If P can be represented by 7, then the choice of the optimal
{a;};2, corresponds to the choice of an intertemporal path of optimal Leontief
techniques, in that for each ¢ there exists (A}, L}) € T such that

o— * ke—k %
Afaf = of ; and Li@) =« (6)

hold for @}, where @; > 0 for ¢ > 1. Therefore (p*, w*) has a property that for
all t > 1 there exists (A}, L;) € 7 such that:

p; = (1 +7r))p;_1A; +wiL;; and (7)
p; < (L +7r))pi_1A+w;L for any (A, L) € 7. (8)

Indeed, (8) is derived from (5), while (7) is derived from (4) by means of (5).

For each (A,L) € T, let A(A) > 0 be the Frobenius eigenvalue of A. Then,
let A(7) = minga,z)e7 A(A). Note that A(7) is well-defined, since A (A) is
monotone increasing in A, and it is bounded from below by zero. Moreover, as
7T contains a productive Leontief technique due to A2, A (7) < 1 holds.

For all (A,L) € T,let RA = ﬁ—l. Let RT = 577 —1> 0. By A2 the set
L(r)= {(A,L) eT|LI-(1+rA "> O} is non-empty for all r € [0, RT).
In the rest of this section, we consider economies in which agents are sufficiently
patient, in that 1 > p > A (7). Let r* = % —1>0: asr* € [O,RT) L(r*) is
non-empty. Then:®

Proposition 1: (Nonsubstitution Theorem) For any E(P, N, u, p,€) with
P =17, and for any r € [0, RT), there exists a non-empty subset of productive
Leontief techniques L™ (r) C L (r) such that:

(i) for any (A,L) € L™ (r), (A, L) is a cost minimiser at a stationary price
system (pca,p) (r),1) with pia,y (r) =L (I —(1+7) A)~', in that

par) (1) = (L +7)par (A + L (V(A, L) eT);
(i) for all (A, L), (A, L)) € L™ (r), LI —(14+7r)A] ' = L'[I — (1+r)A] "

By Proposition 1(i), (A, L) is a cost minimiser at a stationary price system
(p(A’L) (r*), 1). By Proposition 1(ii), all techniques in £™® (r*) are associated
with the same stationary price vector.

Let (A%, L*) € L™ (r*). Let R* = ﬁ — 1 be the maximal rate of return
associated with A*, where A\(A*) is the Frobenius eigenvalue of A*. Because A*
is productive and indecomposable, R* > 0 and 7* < R* hold. Then:

6Proposition 1 generalises Theorem 1 in Morishima ([13]; Chapter IV, pp. 97-98) by
allowing 7 to be infinite or even uncountable. We relegate its proof into the Appendix.
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Theorem 2 (Convergence of CE): For any E(P,N,u,p,Q) with P =T and
p>AN(T), let ((p*,w*),(£"),cn) be a CE such that (p*, w*) > 0. Then,

lim 2L =2 = (71— (14497 > 0.

t—o0 Wy w*
Proof. 1. First, we prove that lim;_, % < . By (8), at all :

I (L+7)pi A" +wiL”
(I4+7r)) [(1 + rZ‘_l) Dy o AT + wlf_lL*} A* +wiL*

(I4+7r)) ((1 + r;f‘_l) [(1 + rf_Q) pi_s A" + w;‘_ZL*] A2 4 wf_lL*A*) +w;L*

[IVANMIVANIVAN

Here, as the path of equilibrium prices satisfies the Euler equation w; = p (1 + r}) w;_,
for each period ¢t 2 2, the latter inequality can be rewritten as follows:

ES
Wy

A* A*2
i S ——L—p; AT +wi L [I+ s + e } .

pPwi_g
Iterating the above inequality backwards, we obtain:

* t *\ T
P 2o (LY gt e (A
o = (T (pt) +LY o) 9)

7=0

%

%

P P
limy oo L* Z’;:O ("}:) =L*(I—(14r A*)fl. Therefore taking the limit
of (9), we have

- «\ 1t “\ !
Observe that (14 77)limy_ o —t 22 (A—) = 0, as limy_.o (A—) = 0, and
1

. p;j * * x\—1 p*
1 LY <L (I-(1 A = —.
ti»nt;lo wy — ( ( tr ) ) w*
2. We prove that lim;_, o % > 5)—
t

2.1. Given the equilibrium vector {(wj,r;)};2,, consider the following aux-

iliary system: for each commodity i =1,...,n,
b = min (14 7)) g_1a; + wil;
qit (ai,li)ETi( t)Qt 145 tbi

= (L+r7) g1y, + wily,

where note that gy = 0. (This auxiliary system is well-defined since 7 is closed
and bounded from below.) Then, we obtain

g = (1+7f) g1 A; +wi L, (*)
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where A} = [a},,. .. | and L}, = (1},,...,1,,). By definition, we have:

9 nt
qo = 07
q = wTLﬁ>
@ = (1+rd)wiLiAY +wil)

A/
= w; <L’172 + L’2> , (by the Euler equation w3 = p (1 + r3) w})

' A A AL
@ = w L’__..._+L_..._t+L’_4... N tr!
! (i R T T L 1y L)

A\ t1 A*\ P2 A
—) +(=) ++—=+I
p p p

where the last inequality follows from the definition of (*). Therefore,

A\ P A\ 2 A+
(5) +(5) ++S
p p p
holds for all t. Thus, taking the limit,
A* A* t
R
p P

2.2. We show that & > qf L holds for all t =1, .

t—1
First, observe that (1 +r3) 25 A5 > 0 and since L’1 is the vector of solutions
2

to: ming, ;,)e7s wil; (i =1,...,n), it follows that Ly = L. Hence:

I
&
&

)

kS

< g
wi =

<L (1) A7 =

*

w*

lim 2 < h L*

bﬂa)ﬂ% —00

*

q2 q1 sy 41 4/ / ’
- -0 —A Ly — L7 >0,
ws  wi (1+73) w3 2+ 5 !

Next, by induction, suppose that 2=~ > L2 holds. We have:
t—1 t—2

= (L)) T A L {(Hr:ﬁ_l) P R 1}

wi  wi_y Wy =1
A, _
= ISy {(1+T:—1) e R 1] (by wi = p(1+rf)wi )
wi_q p Wy
— o Q=1 4 / * qt=2 4 ! » 1
= Q) I () 22 A L | by 1 =)
’LUt_l wt—l p

v

w =2 4 / * qt—2 qt—1 qt—2
1 A+ L — | (1 A, L b >
( +T)w* ¢ T Ly [( +7"t71)w 1t t1:| (yw* = )

*
t—2 t—1 t—1 Wy _g

t—1 tfl
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where the last inequality holds, since (AQ?I,LLI) is a cost minimising pro-
duction technique at (qt,g,w;‘717r;1) by definition. Therefore, we obtain a

*

monotone increasing sequence {f,i } which is bounded above by £, and so
t

*

.
limy o U‘i—% = L < B Thus, for each commodity i = 1,...,n,

L _  min (1+7) q—ai-l-li.
w* (ai,l;)ET? w*
2.3. For each good ¢t =1,...,n, let

LU = i 1ar) L i+
(al, %) arg(aimﬁrelﬁ( +r )w*a +

and let A" = [a},...,a),] and L' = (l},...,I},). Then, we have

q—* =(1+7%) q—*A’ + L.

w w

However, by Proposition 2(i), for any (A, L) € T andany £ = L(I — (1 +1r") A
> (I—-(1+r%) AT = 5)—1 holds. Therefore, we have lim;_, o, g—} =4

ﬁ%. By step 2.2, it follows that lim; .., Z% =2

w*r =

w
2.4. Finally, we prove that ¢ < p; all t by induction. First, observe that
go = 0 < p§ by definition. Next, suppose that ¢:—1 < p;_;. Then,

I+ 7)) @1 Af +wi Ly = (1 477) pi 1 Af + wi L = py.
In contrast, by the definition of the auxiliary system (*), we have:

g = (147 g1 Ay +wiLy < (14 77) g1 Ay +wi Ly

Therefore, ¢; < pf holds for every t = 1,2, ... and lim;_, itt < limy_ oo 5}1 As
limy oo L = 5 we have lim;_, o, £& > 5)—1 which concludes the proof. m

Wy Wy

5 Discussion

Theorem 2 implies that, within the broad class of neoclassical production economies
considered, every CE uniquely converges to the system of production prices as-
sociated with r* = % — 1 in the long term. Correspondingly, the set of optimal
equilibrium techniques also uniquely converges to a subset of £™ (r*) in the
long term. These two features are important and quite generic. They signifi-
cantly generalise results and insights from three strands of literature.

First, as already noted, Theorem 2 provides further ammunition to theorists
working in the classical tradition: far from being a special case of Walrasian
equilibrium prices, classical production prices are the unique attractor of in-
tertemporal competitive prices. In the steady state, neoclassical equilibrium
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prices reduce to the prices of production of the classical-Marxian tradition. This
conclusion holds in a much more general framework than is traditionally consid-
ered in the relevant literature (e.g. Hahn [9], Duménil and Levy [8], and Dana
et al [6, 7]).

Second, Theorem 2 has relevant implications for Turnpike theory. According
to the Neighbourhood Turnpike Theorem (McKenzie [11]), when the one-period
return function, F, is concave but not necessarily strictly so, its graph at an
optimal stationary capital stock pair, (w*,w*), may have a flat piece uniquely
supported by a price vector (where uniqueness is presumed). The von Neumann
facet is the projection of this flat piece onto the space of initial and terminal cap-
ital stock pairs. Then, any equilibrium path of capital accumulation, {w}},-,,
can be shown to remain within a neighbourhood of the von Neumann facet for
most periods in the long run. Since the von Neumann facet contains the optimal
stationary capital stock pair, this theorem implies that the stationary capital
stock is Lyapunov stable.

While the dynamic capital accumulation path is extensively studied in this
literature”, less attention is paid to the behaviour of equilibrium prices and,
specifically, to the link between the unique supporting price vector of the von
Neumann facet and intertemporal competitive equilibrium prices. The main
exceptions are Bewley [3] and Yano [24] which analyse the relation between an
intertemporal competitive equilibrium trajectory and the turnpike accumula-
tion path. In particular, Yano [24] shows that at an intertemporal competitive
equilibrium both capital stocks and prices will approach a neighbourhood of the
turnpike path, which is therefore proved to be Lyapunov stable.

Theorem 2 suggests that the production prices associated with r* = 1 —1 are
the long-run attractor of intertemporal competitive equilibrium prices and would
serve as the unique supporting price vector of the von Neumann facet. These
properties hold in a more general case than that mentioned in the Turnpike
literature, in that we do not assume the one-period return function F' to be
strictly concave or the underlying production functions to be strictly quasi-
concave.

Finally, as mentioned in section 2.2, although we focus on economies with
infinitely-lived agents, our main conclusions can be extended to the finite case.
In finite economies, M P" is well-defined even if p = 1, and so Theorem 2 can
also be extended to this case. In this case, as 7" = 0, we obtain:

*

lim 2L = " = 1" (1 — A%) L.

t—o00 ’LUt
Thus, the CE converges to the system of labour values, or Leontief employment
multipliers, associated with (A*, L*). Thus, Theorem 2 significantly generalises
analogous results derived by Veneziani [21, 22] in economies with a simple Leon-
tief technology, no choice of technique, and rather special preferences. Profits —
and therefore, it can be easily proved, exploitation and class — disappear in the
long-run competitive equilibrium.

TFor instance, see Benhabib and Nishimura [4]; Bond et al. [5]; Mino [12]; and Takahashi
([18], [19], [20]).
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As Veneziani [21, 22] observed, this raises significant doubts on Roemer’s
claims that the classical phenomena of exploitation and class can be micro-
founded within a Walrasian framework and exploitation and class can be re-
duced to asset inequalities.

6 Concluding Remarks

In this paper, we present a general model of a neoclassical production economy
with infinitely living agents and show that Walrasian competitive equilibrium
prices on an intertemporal path converge to a vector of production prices. Al-
though our economic model does not consider population growth or fixed capital
goods, it is easy to extend our analysis to include these factors and verify the
robustness of Theorem 2 of this paper. A main remaining question is whether
and how Theorem 2 can be extended and verified in a more general model that
allows for joint production, as in Section 3.

Note that the intertemporal economic model discussed in this paper is merely
one approach. In an economic environment where individuals live for a finite
period, each at different times (e.g., an OLG economic environment), entirely
different conclusions may be drawn. For example, Yoshihara and Kwak [26]
and Yoshihara [25] recently demonstrated that the set of long-period steady-
state equilibrium price vectors in a simple OLG production economy is a one-
dimensional continuum. When the set of steady-state equilibria possesses such
a property, the question of what characteristics the intertemporal path of Wal-
rasian competitive equilibrium prices exhibits remains entirely unresolved.

7 Appendix

7.1 Interior solutions to M P*P: sufficient conditions

First, we introduce the standard Inada condition on the period utility function:

Inada condition: lim.,_,o % =4ooforalle=1,...,n and any c_; €
Rn—l ‘
++
Let

~

P(oy,wi)={a —ad|(~a,—,@d)eP&a Swf,}.

By AO, P (ou,wj_y) is convex. For every {(aj,6;, ¢, A}, w})}=q € O(wo) and
every t, ¢; +wj —wj_; € p (o, wi_1) holds by the definition of M P*P.® Then,
by A3, wi —wi_; € P(af,,w;_,) also holds.

We can now prove the following property of O(wy).

8Indeed, in optimum, oy + (w;‘_l ,ng) = c¢f + w; holds for every t, and so a; €

P (a;t,w;_l) implies ¢} +w} —wy | €P (ai‘t,wf_l).
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Lemma 1: Assume the Inada condition. For every {(aj,8;,cf, Af,wi)}e, €
O(wo) and every t, ¢; > 0 holds whenever wi —wj_y ¢ OP (af,,wi_y).

Proof. Suppose, by way of contradiction, that ¢}, = 0 some 1, ¢. By optimality,
i +wp —wi | € op (o, wi_1). By wf —wj ;€ P (alt,wt 1) \BP (o, wi 1),
there exists a convex, nontrivial set of vectors z +w} —wj_; with z € R} | such
that v +wy —wj_; € P (a?‘t,wf_l).

Hence, by the Inada condition, there exists a sufficiently small, nonempty
open neighbourhood of ¢, B(c;), in R’} such that for some ¢’ € B(cf)\ {c¢}},
4w —wi , €0P (o, wi_1) and v () > v (c}). By construction, there exists
o = (—aj, —«/,@) € P such that @ + (wj_; —a/) = +w}. As o] = o, it
follows that v () — oa) > v (cf) — oaj, = v(c¢;) — oA}, which contradicts the
optimality of {(a}, 6], ¢}, Af,w})}=,. =

By Lemma 1, it is possible to prove that the set O(wg) contains only interior
solutions if the function v meets the following boundary condition: for any
ce R}, and any ¢ € RT\R"},, v (c) > v (c) holds.

Formally:

Proposition 2: Assume the boundary condition and the Inada condition. Then,
for every {(af, 67, ¢, Af,wi)} ooy € O(wo) and every t, ¢; > 0 holds.

Proof. By Lemma 1, it suffices to show that wj —w} ;| ¢ oP (aft,wf_l) at all
t. Suppose on the contrary that wy —wj ; € opP (o, wi_y) for some t. Note
that wi —wj_; € opP (o, wi_) implies that ¢; = 0 with ¢f # 0 must hold. By
the boundary condition of v, it does not follow that wf —w;_; € oP (o, wi_y)
for every ¢, since ¢; # 0 should not hold for every ¢ in optimum. Thus, without
loss of generality, there exists ¢ such that ¢; # 0 and c¢;,; > 0.

Consider that the economic action at period ¢ is changed from w} to w} by a

o
direction vector d = wj—w} # 0 such that wj+d € R , N (P (a?‘t, wz‘_l) + {w’{_l }) ,

where P (o, wi_y) = P (o, wi_y) \oP (alt,wt 1)- Then, there exists ¢ (d) >
0 such that ¢} + (1+e(d)) (w; +d) € OP (o, wiy) + {wj_i}. Let ¢ =
¢; +¢e(d) (wy + d) > 0 be the consumption bundle at period ¢ which is available
under this change of economic action. Next, consider the following problem:

(dc,dl,dg,d;)rgé XRxR”? XR™ ! (CIH * dc) -7 (042'}+1 - dl) ,
subject to:
(at+1 =+ d&) - (Q:Jrl +dq ) (wi+d) = (C:+1 + dc) + Wiy
(i +da) S (wi+d);
(i1 +di) < Njand
(= (afpr +di) = (afyy + da) , (@ + ds)) € P
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o (o3

Let (dz (d),df (d),d, (d),ds (d)) be a solution to this problem. Then, we can
have:

v (i + de (d) =0 (g +df () ~ v (1) +Vv (cfya)-de (d)—0 (afiyy +df (d)) -

Hence, the welfare change at ¢ + 1 due to a small change d # 0 of economic
action at t is Vv (cjy,) - d; (d) — od; (d), while the welfare change at ¢ due to
a change of economic action d # 0 is Vv (¢f) - € (d) (w; + d). Note that each of
e (d), d; (d), and d; (d) is continuous at every d # 0, such that limg_.¢ € (d) = 0;
limg_.o d. (d) = 0; and limg_,¢ d; (d) = 0. Then, for a sufficiently small |d| # 0,
it follows from the Inada condition of v and ¢; % 0 that

Vo (e;) - (d) (@ + d) > |0V (¢544) - b (d) — pod; (d)].

This implies that a tiny change of economic action d # 0 at period ¢ can improve
the social welfare, which is a contradiction.
In conclusion, w} — wi_; ¢ P (aj,,w;_;) holds for every t. m

If the production set P does not admit joint production, then the boundary
of the net output possibility set 0P (al*t, wlf_l) is strictly downward-sloping. In

that case at the optimal solution to M P*?, wf —w;_; ¢ op (az‘t, w?fl) for every
{(a7,67,¢;, Af,wi) ey € O(wo) and all t. We analyse economies with no joint
production in section 4.

7.2 Proof of Proposition 1

Let b € R}, be a bundle of goods used as the numéraire: for any p > 0, pb =1
holds. Then, for each r € [0, R7) and each (A4, L) € L (r), let:

(r) .
a1 LU—(1+nA b
pa) (1) = wary ()L - (1+7r)A " >0.

with p(a,z) ()b = 1. The mapping w4 1) : [O, RA) — Ry is the wage-interest
curve associated with (4, L), and it is strictly monotone decreasing with respect
tore [O, RA).
For each r € [0, RT), let:
w(r) =

(A,%Eg:(r) wian) ().
For each r € [O, RT), w(a,r) (r) is continuous and monotone decreasing with re-
spect to (A, L) € T, and T is bounded below, and so is £ (). Thus, maxa,ryez(r) W(a,z) ()
has a solution for each r € [0, RT) and by Berge’s Maximum Theorem, the map-
ping w : [0, RT) — R, is continuous on [0, RT).
Armed with these definitions, we can now prove two auxiliary results. Lemma
2 identifies cost-minimising techniques.
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Lemma 2: For every r € [QRT), let (A, L) € argmax(as,1/yer(r) Wear,Lry (7).
Then, pea,ry (1) = (1 +7)pa,r) (1) A +wea, )L for all (A", L") € T.

Proof. Let r € [O,RT) and let (A, L) € argmax(ar ryer(r) War,zry (r). Sup-
pose, by way of contradiction, that there exists (a;7 l;) € 7; for some j:

picar) (r) > (L+7r)par) (1) - af +wa,ry (r) 1]

holds. Then, for (A', L") = ((a},1;) , (a—;,1_;)) € T; x T_;, by the definition of

20

P(a,r)(r) and (A, L) we have
pan) (r) = L +7)par (r) A" +w(r) L.
The latter inequality implies that
pear) (M) I =1 +r)AT>w(r) L' >0,

which implies that the matrix (1 + r)A’ satisfies weak solvability, and thus
[I — (1+r)A]"" > 0 exists. Therefore (A’,L') € £ (r) and:

w(r)

1= b>wr) L [I—(1+mA b= ——2
P(A,L) ( ) [ ( ) ] War 1) (’I“)

)

which implies w(as /) (r) > w (r), a contradiction. m

Lemma 3 proves that, for a given r, all cost-minimisng techniques yield the
same price vector.

Lemma 3: Let r € [O,RT), and let (A, L), (A", L") € L(r) be such that
par) (1) = (L+7)par) (N A" +wa L’ forall (A", L") eT,  (A2)
and
Py (1) = (L4 r) pearpy (1) A” + wear 1y L for all (A", L") € T.  (A3)
Then (i) wia,r) (r) = wear,) (r) =w(r) > 0 and (i) p(a,z) (r) = pear,1) (r).
Proof. Part (i). By definition

par) (ML= (A +7r)Al =war (r)L;
par,y () [ = (L4+7r)A"T = wear 1y (r) L;

while the two inequalities in the statement of the Lemma imply, respectively,

peary () [I— (L +1) A S wary () L
pearry (M) [I— (L +1)A] £ wiar ) (r) L.
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Since [I —(1+7)A]"" > 0 and [I — (14+7)A]"" > 0, post-multiplying the
latter inequalities by [I — (1 +7)A] " b and [I — (14 7)A’] " b, respectively, we
have:

_ wA',L')(T)
1 = oy T'bgw T TLI— 1+TA 1b:(—’
Pear,ey ()b S war ) (r) LI = 4] w(a,r) (1)

_ wA7L)(T)

1 = b < w rVL'[I—(1+r)A tp= D
p(A,L)() = (A,L)() [ ( )4 WA, L") (r)

This implies that w4, 1) (7) = war,1y (r) > 0. Further, because (A, L) and

(A’, L") are the cost minimisers at (p(a,z) (r) ,w(a,r) (r)) and (pear, oy () ,wear 0y (1)),
wea,Ly(r) > 1 and w(A’,L/)(T) >1

w(A”,L”)(T) = ’w(A//’L//)(’I‘) =

hold for any (A”,L") € L(r). Thus, wia,r) (1) = war, Ly (1) = w (r) > 0.

Part (ii). wea,r) (1) = wear 1y (r) implies that:

Py (1) S wearpn () LI = A+ 1)A ™ = wea ) () LI =1 +1)A " =par (),

p(A,L) (7’) § w(A7L) (7") LI [I — (1 + T)Al]il = w(A/7L/) (7") LI [I — (1 + T)Aqil = p(A/,L’) (7") .

Therefore, pca,r) (r) = par,rr) (r). =

respectively, a similar argument proves that

Lemmas 2-3 are derived focusing on a specific bundle b > 0 as the numéraire.
Proving that the set of cost minimising techniques can actually be identified in-
dependently of the selection of the numéraire is the key step in the demonstration
of Proposition 1.

Proof. 1. Let b,b' > 0 be two numéraire bundles, and define, for r € [07 RT):

1 , 1
w(r;b) = max ——; w(r;b') = max —.
(AL)ELE) LI — (1+7)A] b (AL)ELE) LI — (1+7)A] ¥
By Lemma 3, there exist (A4, L) € £ (r) and (A’, ') € L (r) such that w4 1) (r) =
w (r;0) and wear 1y (r) = w (r;0').
2. We now prove that L[l — (1+7)A] ' =L/ [T — (1 +7r)A] "
By Lemma 2, we have:

pear) (1;0) = (1 +7)pear) (r;0) A+ w (r;0) L;
p(A’,L’) (7", b/) é (]. + T)p(Ale/) (’I"7 bl) A —+ w (T, bl) L,

where
L[ —1+rA)!
L' —(1+r)A] "y

LII—(1+rA™"
LI —(1+rA4 "

pear) (r;b) = s peary (r;b')

Dividing p(a,r) (r;0) by w (r;0) and pear ) (1;0") by w (r;b'), we have:
p =1+7rp A+ LS (1+r)pA+L, wherep*=L[I—(1+ T)A}_l ;
1

p*=0+r)p"A+L < (1+r)p"A+ L, wherep™ =L"[I - (1+1r)A"] .
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Thus, p* £ (14 7)p*A’ + L implies p* < p** and p** < (1 +r)p** A+ L implies
p* < p**. In conclusion, L[l — (1+7)A]"" = L/[I — (14 r)A’]"" holds.

3. This implies that both (A, L) and (A4’,L’) are cost minimisers at both
(Pea,n) (r) swea,ny (7)) and (pear,zy (1), wear, 1y (1)), where (piar) (1), wea,r) (1))
and (p(ar,1r) (1) ,wear, 1) (r)) are identical with respect to their relative price
structures. Therefore, without loss of generality, we can define the set of cost
minimisers by

. 1
LM (r) = arg  max —
ADec) LI —(1+7r)Al" b

Then, by Lemma 1, Proposition 1(i) holds for this £™" (). Moreover, Propo-
sition 1(ii) also holds by Lemma 3. m
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Where do competitive prices go? The long run
behaviour of a neoclassical production economy;,
and the classical prices of production?
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Abstract

We analyse a general, dynamic neoclassical production economy. We
show that any sequence of competitive equilibrium prices converges to a
vector of production prices. Thus, far from being a special case, classical
prices of production are the attractor of neoclassical equilibrium prices.
Indeed, and this is a second insight, prices of production turn out to be
the (unique) supporting price vector of the turnpike capital accumulation
path. Finally, our results have some implications for theories of exploita-
tion and class, and distributive justice more generally.

This is the addendum to the main text, which is not intended for
publication.

JEL: B51, C61, C62, D46, D51.

Keywords: Neoclassical Production Economies; Prices of Produc-
tion; Intertemporal Walrasian Equilibrium Prices; Euler Equation.

1 Convergence of the Optimal Consumption Path

According to Theorem 2 of the main text of this paper, within the broader
class of neoclassical production economies described in this paper, any CE in
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any economy uniquely converges to the system of production prices (p*,w*)
associated with r* = 1 —1 in the long term. Correspondingly, the set of optimal
techniques chosen by such a CE at that economy also uniquely converges to
L™ (7*) in the long term. In addition, assuming that the function v is strictly
quasi-concave, the path of optimal aggregate consumption vectors {c’{}fi ; in
such a CE also uniquely converges in the long term.

To see this point, let ¢ (p*,w*) > 0 be the normalized optimal aggregate
consumption vector ¢ (p*,w*) > 0 satisfying p*c (p*,w*) = 1. We can specify
such a vector because of the homothetic property of the function v. Then, for
each (A, L) € L™ (r*), specify the positive number 9L in order to meet
L(I—A)"" 0B e (p*,w*) = N. Consider

max oAL)
(A7L)€£min(r*)

and then let 6" = max (4 1y gmin (7+) 0“A4L) . Then, define ¢* (p*,w*) = 0%c (p*,w*)
and

[max min (T*)

min (, % AL

{(A, Lye L™ (r*) | (A, L) € arg (A’,L’?é%}é‘i"(r*) o )} .
Then, for each (A, L) € £rmaxmin () (AL — g% 1o]ds by definition. Note that,
for each (4, L) € £maxmin (7)) (1 — A)" ¢ (p*,w*) = Nand L (I — (1 4+7*)A) "' =
" — also hold. Since £maxmin (p*) C £min (%) any Leontief technique in £ min (5)
is a cost-minimising technique at (p*, w*). Moreover, for any (A, L) € £maxmin (p*)
p* = (147*)p*A+w*L holds, and so p* = r*p*A (I — A) " +w*L (I — A)~".
Therefore, for any (A, L) € £mxmin (1%) p*e* (p* w*) = r*p* A (I — A) ™" ¢ (p*, w*)+
w*L (I —A) " e (pf,w*) = rp Al — A)~" ¢* (p*,w*) + w*N. Hence, there
exists W > 0 such that for any (A, L) € £maxmin (7%) p* A (I — A)~' ¢ (p*,w*) =
W holds.

Then, consider

max v (¢) —oL* (I — A*) ¢

cERT

subject to:
p'c = w'N4rW.
where (/4*7 L*) c [max min (T*> .

By definition, ¢* (p*, w*) is a solution to the above optimisation problem, since

pret (0 w*) = w* L (I — A%) L e* (0, w*)+r*p* A% (I — A%) "L ¢ (p*, w*) = w* N4r*W

and

v (c* (p*,w*))—oL* (I — A" e (p*, w*) = v (e (p*,w"))—oN = p*c* (p*, w*)—w*N = r*W > 0

hold. Indeed, because of the labour constraint, v (¢* (p*, w*)) —o N is the maxi-
mal utility available under the above optimisation problem at the prices (p*, w*).



However, this vector ¢* (p*,w*) also constitutes the optimal aggregate con-
sumption vector at the price vector (p*, w*). That is, it follows that (¢* (p*, w*); (A*, L*))
is a solution to the following maximisation problem:

M PoPss . max v(c)—oL(I—A) "¢
(c;(A,L)ER} XT

subject to:

pc < w'N +r*W,
where (A,L) € L™ (r*).

To see this property, let (c; (4’, L)) € R? x L™ (r*) be a solution to the
above maximisation problem. Then, by definition, it follows that p*c¢’ < w* N +
r*W. As p*c* (p*,w*) = w*N+r*W and ¢* (p*, w*) is the maximiser of v within
the budget w*N + r*W, ¢ = ¢* (p*, w*) should hold by the strong monotonic-
ity and the strict quasi-concavity of v. Then, if (A*, L*) cannot constitute
a solution to this problem, then L' (I — A)) "¢ = L' (I — A") "' ¢* (p*,w*) <
L* (I — A*)™' ¢* (p*,w*) = N should hold. However, this contradicts the defini-
tion of ¢* (p*,w*). Therefore, (A*, L*) can constitute a solution to this problem,
and thus we can see that (¢* (p*, w*); (A*, L*)) = (¢/; (4’, L')) holds without loss

of generality. In conclusion, ¢* (p*,w*) is the Marshallian aggregate consump-

p

tion demand vector at the price vector (p*,w*). Since Z—Z — w— as t — oo by
t

Theorem 2, ¢ — ¢* (p*, w*) as t — oo holds.

2 The Set of Stationary Optimal Capital Stocks

Note that £m#*min (%) is also a set of optimal techniques at (p*,w*), in that any
technique in this set constitutes a solution to M P*P*%. In contrast, any technique
in £min (p*)\ Lmaxmin (%) jg not optimal, in that it cannot constitute a solution
to M Pspss, fmaxmin (p#) g not necessarily a singleton. If (A, L), (A, L") €
Lrmaxmin (#) - then the wage-interest curves derived from (A4,L) and (A, L)

respectively should intersect each other at the point (r,w) = (0, m) and

(r*,w*), wherev = L (I — A)"' = L' (I — A’)"". Such a case is indeed possible,
due to the complicated nonlinear polynomial forms of the wage-interest curves.
If it is not a singleton, it constitutes a closed, convex subset of L™ (r*).

From the information of £™8*™in () 'we can define the set of optimal capital
stocks at (p*,w™*) as:

Q (", w*) = {w ER™ | (A, L) € Lo¥min (%) = A(T— A) L e* (p*,w*)} .

Since £maxmin (%) may not be a singleton, ) (p*,w*) may not be a singleton.
However, by the above discussion, for any w,w’ € Q (p*, w*), p*w =W = p*u/
holds. Again, if it is not a singleton, it constitutes a closed, convex subset of
R™.

+



It can be verified that Q (p*, w*) constitutes a set of optimal solutions to the

following problem:

1
max F(w,w)+p'w— —p w.
e (w,w) +p e

To see it, note that F(w,w) + p*w — %p*w = 0 holds for any w € Q(p*, w*).
Suppose there exists w’ € R \Q (p*, w*) such that (v/,w’') € ®F and F(w’,w’)+
prw — %p*w’ > 0. Then, there exist (A, L") € 7 and 2’ € R’ such that
A <o, L'’ £ N, and v(a) — A'2’) — oL’ + p*w’ — %p*w’ > 0. Then,
p* (2 — A'z’) — w* L'z’ — r*p*w’ > 0 holds, which implies that

holds, and thus there must exist a sector ¢ such that p; — (1 + r*) p*a —w*l; > 0
holds. However, the last inequality contradicts the fact that p* < (1 4 r*) p*A’+
w* L’ must hold for any (A’, L") € T. Therefore, there is no w’ € R} \Q (p*, w*)
such that (v',w’) € ®F and F(v',w') + p*w’ — %p*w’ > 0. Thus, Q (p*,w*) =
arg max, year F(w,w) +p*w — %p*w holds.

3 Specification of the von Neumann Facet

By means of Q (p*, w*), we can now derive the von Neumann facet, NF (p), in
this paper’s model, as in the following way:

NF (p)
= {(w,w/) eRL xRY [3((A,L),y) € LM () xR s w=Ay; ' =y—c" (p*,w*); Ly = N}.

Indeed, if w* € Q (p*,w*) and (w,w’) € NF (p), then we can obtain:

1 1
Fw*,w*) +p'w" — ;p*w* = v(c (W) —oN+pw — ;p*w*

= 0
= piet(phw') —wN 4 [p" = (L+77) p*Aly —p*e” (p*, w”)
= pi(phw') —w'N+pt(y—c (p*w') — (1+77)p* Ay

1
= Flw,)+p'W — —p'w.
)

By using this definition of the von Neumann facet N'F (p), we can derive
the neighbourhood Turnpike Theorem (McKenzie (1983)).
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