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Computation of Greeks using Binomial Tree

Yoshifumi Muroi * and Shintaro Suda ¥

Abstract: This paper proposes a new efficient algorithm for the computation of Greeks for options
using the binomial tree. We also show that Greeks for European options introduced in this article are
asymptotically equivalent to the discrete version of Malliavin Greeks. This fact enables us to show that
our Greeks converge to Malliavin Greeks in the continuous time model. The computation algorithms
of Greeks for American options using the binomial tree is also given in this article. There are three
advantageous points to use binomial tree approach for the computation of Greeks. First, mathematics
is much simpler than using the continous time Malliavin calculus approach. Second, we can construct
a simple algorithm to obtain the Greeks for American options. Third, this algorithm is very efficient
because one can compute the price and Greeks (delta, gamma, vega, and rho) at once. In spite of its
importance, only a few previous studies on the computation of Greeks for American options exist, because
performing sensitivity analysis for the optimal stopping problem is difficult. We believe that our method

will become one of the popular ways to compute Greeks for options.

Keywords: Options, Greeks, Binomial Tree

1 Introduction

Greeks are quantities that represent the sensitivity of the price of derivative securities with respect to

changes in the price of underlying assets or parameters. They are defined by derivatives of the option
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price function with respect to parameters such as the price of underlying assets, volatility level, and
spot interest rate. The computation of these sensitivities is very important for risk management. For an
example on this and similar topics, refer to Hull (2008). The recent development of the Malliavin calculus
approach in financial mathematics enables us to compute Greeks for a various kinds of contingent claims.
For a previous research on this topic, see Fournié et al. (1999) and Kohatsu-Higa and Montero (2003)
among others. See also Bernis et al. (2003) for the computational methods of Greeks for exotic options
such as knock-out options and lookback options. In these studies, Greeks were usually represented by
expectation formulas derived from the Malliavin calculus; these expectations are computed using Monte
Carlo simulations. Many previous studies have focused on the computational methods of Greeks for
European options and exotic options such as Asian options. In recent times, several studies on the
computation of Greeks for American options have been reported. See Bally et al. (2005) for example.
Despite recent advances of the Monte Carlo simulations approach to the pricing of American options, such
as Longstaff and Schwartz (2001), it appears that the backward induction approach is still the natural
approach for computing the price of American options. Because of these reasons, we exploit the binomial
tree approach for the computation of Greeks for American options as well as European options. Many
studies have been carried out on the computation of Greeks using Malliavin calculus and Monte Carlo
simulations for European options; however, there are only a few studies on the computation of Greeks
for American options. This is because the computation of the Greeks for American options with Monte
Carlo simulation are difficult. If one uses the Malliavin calculus and Monte Carlo simulations to obtain
Greeks for American options, one has to manage these difficulties.

Muroi and Suda (2013) proposed new methods for the computation of Greeks for European options
using the binomial tree methods of Cox et al. (1979) and the discrete Malliavin calculus introduced by
Leitz-Martini (2000) and Privault (2008, 2009). Although the computation of Greeks (delta and gamma)
using the binomial tree has been previously discussed by Pelsser and Vorst (1994), no research have
been reported on the computational methods of vega and rho. Hence, we propose numerical methods for
computing rho and vega for options using the binomial tree. Recently, Chung et al. (2010) proved the
binomial delta for plain vanilla European options is converging to delta in the continuous time model. In

this article, we also show Greeks for European options are asymptotically equivalent to discrete version



of the Malliavin Greeks and the binomial Greeks are converging to Greeks in the continuous time model.

The remainder of this paper is organized as follows. In section 2, we give brief explanations on the
binomial tree methods of Cox et al. (1979). The computational methods of Greeks are introduced in
section 3. Computation algorithms of Greeks for American options are discussed in section 4. The nu-
merical results are given in section 5 followed by the concluding remarks in section 6. In the appendix, we
derived the closed form formulas for Greeks for European options and we found these are asymptotically

equivalent to the discrete version of the Malliavin Greeks.

2 Binomial Tree

In this section, we briefly explain the binomial tree model of Cox et al. (1979), which has been explained
in many textbooks such as Hull (2008). The basic idea for computation of Greeks for European options
is also presented. On the basis of these explanations, the computational methods of Greeks using the
binomial tree are explained in detail in the next section.

Introduce independently and identically distributed random variables {e;};=1,... n on the probability
space (Q, F, Q), where ¢; is a random variable with probability Q[e; = VAt] = p, Qle; = —VAt] = 1—p.

The time step At is fixed as T' = NAt. We introduce a random walk process, {W;a;}i=1,....n, given by
Wint =€1+-+e€ .

One can regard the stochastic process {Wias}i=1,... ,n with p =1/2 as an approximation of the standard

Brownian motion. On the other hand, the stochastic process {W;a¢}i=1,... n is generally regarded as an

approximation of the Brownian motion with drift 2’7\/;71 in the general case (p # 1).

The binomial tree is a computational method for pricing options on securities whose price process is

governed by the geometric Brownian motion

dPt:Pt(Tdt+0dZt)7 POZS, (21)

where {Z;};>0 is a standard Brownian motion under the risk-neutral measure (). A binomial tree is
constructed in the following manner. We consider a model with N periods and assume that the maturity

date of the options is fixed as T'= NA¢. If the price of underlying assets at time At (i =0,1,..., N —1)



is given by S;a¢, the price moves to uS;a; or dSiar (d < 1 < u) in the next time period (i + 1)At.
The probability of the price moving upward to (uS;a¢) is p and downward to (dS;a:) is 1 — p. In order
to construct the binomial tree so that the expectation and variance are consistent with the geometric

Brownian motion (2.1), we fix the parameters u, d, p as

_ VB g ovar O —d

u y P =

where we assume an additional relationship, u = 1/d. Consider European options with a pay-off function
®(-) and a maturity date T. The price of options at time iA¢ is denoted by £(x,iAt) if the price of

underlying assets is « at time iAt. The price is given by the backward induction algorithm
E(x,iAt) = e "M (pE (zu, (i + 1)AL) + (1 — p)E(xd, (i + 1)AL)),  E(x, NAt) = d(x) . (2.2)

One can derive the closed-form formulas for Greeks for European options using the discrete Malliavin

calculus (See Muroi and Suda (2013)).

3 Computation of Greeks for European Options

New computational methods of Greeks for European options are presented in this section. Although
computational methods of delta and gamma using the binomial tree have already been proposed by Pelsser
and Vorst (1994), computational methods of other Greeks such as vega and rho using the binomial tree

have not been deeply studied, except in the finite difference approach. We make a following assumption.
Assumption 3.1 We assume that the pay-off function ®(-) is a smooth function.

In fact, this assumption is too strong for use in financial mathematics. Therefore, we have to relax this

assumption. This is examined in section 7.2.

3.1 Computation of Delta

In this subsection, we calculate delta, which is used to measure the sensitivity of the option price with
respect to changes in the price of underlying assets. Delta is given by the first derivative of the option

value function with respect to the price of underlying assets. Delta for European options is computed as

Ap(s,0) = e*mt{p%asem@,m)+(1fp)%g(se*0m,m)}



ie(se*c’m,m)e*m@}. (3.3)

d AT AT
_ —rAt oV At oV At .
= e {p—dmg(se ,At)e +(1-p) .

Now, we have two approaches to compute %E (se?*, At)|,_, szz- The first one is given by

0 s E(se”VAL At) — E(se= VAL AY)
55(86 7At)|z:i\/ﬂ = 2\/E + O(V At) R (34)

and the second one is given by

8 oz d oz
ag(se ,At)|z:im = %S(JC,AtHI:Sgi,m x ose”|,_\ /a7 -

These two formulas yield the approximation formula for the derivative £ &(x, At)| __ i, var:

d B 1 E(se"VAL At) — E(se= VAL At) —
%£($7At)|xzse>i0m - Jseigm 2\/& + O( At) N (35)

Substituting this formula in (3.3) leads to the following relation

e AL £(5eV AL ADVAL + E(se VAL ALY (—VAL)

A = At) . .
p(5,0) = S g +O(VA) (36)
Taylor expansion yields the approximation formula for p, and it is given by
1 1 3/2
p=3 + i,u\/ At + O(At#) (3.7)

where y is a constant given by u = 1 (r — %2) . Let us compute the expectation E[E(se”t, At)(e; — pAt)].

o

The above approximation formula leads to

E[E(se”, At)(e1 — pAt)] = p€(se”V Dl At) (VAL — pAt) + (1 — p)E(se VAl At)(—V AL — pAt)

VA —VA
[Ttg(seo\/&, At) + Tt

E(se VA A + O(AL?) . (3.8)

Note that we have used the identities

%(5(360@, At) + E(se=7VBE AD) = £(s, At) + O(VAT)

E(se”VAE AL) — E(se VA AL) = 2\/&835(5@”, Ab)|.—o + O(AL) = O(VAL)
z

to derive the last equality. This formula allows further computation of (3.6). It is given by

—rAt
Ap(s,0) = S E[E(se™, A)(er - nat)] + O(VAY)
efrAt
~ E[E(se”t, At)(e1 — pAt)] = AMS(5,0) (3.9)
soAt



We call this MS delta, which is the one-step version of discrete Malliavin delta given in Muroi and Suda

(2013). Actually, we can show stronger result,
AMS5(5,0) = Ag(s,0) + O(At) , (3.10)

if we assume smoothness to the pay-off function. This is shown in subsection 7.1 in Appendix. If the

pay-off function is not smooth, we can show,
AMS(5,0) = ABS(5,0) + O(VAL) .

See subsection 7.2 in Appendix. Discrete Malliavin Greeks for European options using an N-steps bino-
mial tree were obtained by Muroi and Suda (2013); they used the discrete Malliavin derivatives introduced

by Leitz-Martini (2000). See also Privault (2008, 2009). Discrete Malliavin delta A% is given by

—rNAt
D e

_ oWnat _
Ap = SJNAtE[Cb(se YWhnat — uNAL)] .

As discussed in Appendix 7.2, MS delta and discrete Mallaivin delta is actually equivalent. Because
Muroi and Suda (2013) used the discrete version of the Malliavin calculus approach, one cannot use their
method to derive Greeks for American options. In our study, we exploit the stepwise approach to derive
Greeks for American options. See section 4 for a detailed discussion on the computation of Greeks for
American options.

If we exploit another approximation formula for the derivative %5 (x, At)|,_ . +ovas, We can obtain

another approximation formula for delta. If we use a more direct formula for the derivative,

ig( v At) ~ E(seToVAL At) — E(setoVAL At) N E(se”VAL AL) — E(se VAL At) (3.11)
da 7 - seFoVAt _ getoVAt - 2s0V/At ’ .

we get another approximation formula for delta for European options in the one-period time model.
Substituting (3.11) in (3.3) yields AZ%! and it is given as

E(se"m, At) — S(se*"m, At)
2s0vV At .

This is the delta introduced by Hull (2008). This fact reveals that the two different approximation

AR (5,0) ~

formulas for %5(86:‘:0@,At) given by (3.5) and (3.11) yield two different approximation formulas

for delta !. Our computational results indicate that MS delta converges a little bit faster than delta

! Actually, MS delta is deeply related to Hull’s delta. We have a relation, AM5(s,0) = e "2t ABull (5 0) + O(VAY),

because we have formulas (3.8) and (3.9).



introduced by Hull (2008). Moreover, as shown in the appendix, the formula, A¥5(s,0) = AR (s,0), is

actually satisfied. This means that MS delta is more natural representation of delta than Hull’s delta.

3.2 Computation of Gamma

In this subsection, we calculate gamma, which is used to measure the sensitivity of delta with respect to
changes in the price of underlying assets. Gamma is given by the second derivative of the option value
function with respect to the price of underlying assets. The pricing algorithm for European options (2.2)

yields delta for European options:

Ag(s,0) = e*TAt{p%E(SeU\/E’ At)eff\/ﬂ +(1 _p)%g(seﬂrm,At)eﬂjm}

= efTAt{pAE(se"‘/E, At)e”m +(1 fp)AE(se*Um, At)e*‘jm} .

Applying chain rule to £(se??, At) leads to

o€
92 (5¢7%, At
Ap(se7VB Af) = 22 (se”, At)

ose’® lmsvar
Delta for European options is given by
e"TAt 98, oE,
Ap(5,0) = —{plg- (567, A0 _ g + (1= D)5 (57, Ay}

Taking derivative with respect to the price of underlying assets yields gamma for European options as

1
FE(S,O) = —;AE(S,O)
eiTAt 8 oz oz 8 oz oz
o Ap g (Ar(se™ M)y + (L= p) - (Ap(se™, ADe™)|.__ z3} -

Using the approximation formula

0 s s Ap(se”VAE At)eoVAL — Ap(se=oVAL Ap)eoVAL
%AE(se AN Ll I v SVAL + O(VAt)

allows further calculation of gamma as

e—TAt —rAt
r = —F 7aA — A E[A T AL)e% (61 — pA A
£(s,0) oAl [E(se”, At)(e1 — p t)]+asAt [Ag(se”, At)e” (€1 — pAt)] + O(VAL)
e—rAt —rAt
= ——  _E g€l A — uA EAMS ger A o€l — uA A
O BIE(se"™ Af)(er — pAD)] + e BIAYS (57, Ae™ (e — )] + O(VED)
e—TAt e—T'At S
~ —@E[E’(se ,At)(q—MAt)]-FUSAtE[AE (se”, At)e” (e — pAt)]
= I'%(s,0) (3.12)



We call this formula MS gamma. This formula is valid only if the pay-off function ®(-) is a smooth
function. In this case, the order of the error term is O(VAt), i.e. T'g(s,0) = T¥9(s,0) + O(VAL).
Second equality in (3.12) is shown by using the formula (3.10). We will also prove that MS gamma is

asymptotically equivalent to the discrete Malliavin Gamma in the appendix.

3.3 Computation of Vega

The computational method of vega for European options is presented in this subsection. Vega is the
sensitivity of the option pricing formula with respect to changes in volatility level, o. It appears that the
computational methods of vega and rho using the binomial tree have not yet been considered seriously,
except for the finite difference approach. See Hull (2008) for computation of vega using the finite difference
approach with the binomial tree. Let us assume that the price for underlying assets at time ‘At is
given by s;a:. The price and vega for European options at time iAt are denoted by &(s;a¢, 1At; o) and
Ve (siat, 1At; o), respectively. Vega for European options is given by taking derivatives to the pricing

formula (2.2):
Ve (siat, iAt;0) = e_rma%{pé’(smte”m, (i +1Ato) + (1 —p)é’(smte_”@, (t+ 1)At;0)}
= Vit Vi+ Vi,

where Vi, Vi, Vi are given by

, 1—
Vi= e_rAt{g—pE(siAteU AL (i +1)At0) + wg(smt(e_”m, (i + 1At 0)}
o o
Vi = e_rAt{paEf,’(sime" At (i +1)At; U)Sime”‘/ﬂ\/ At
T
(1= p) L (siae VB (i + 1)AL 0)siare VA (—VAD)

ox

e_TAtE[AE(siAte“i“, (i + 1)At;0)siat€° e 11]

Vi = e A EVg(siae’t, (i 4+ 1)At; o))

The derivative of p with respect to o is given by

b 9 _ erAt(e”m + 670\/5) 1 o \
R PN~ S35 VAL == (1L+ VAL +0(Ar?).

This result and the approximation formula (3.8) lead to the approximation formula for V:

Vi L (1+ 2r )efwg(sime"‘/&, (i + DAL 0)VAL+ E(siae™ "V, (i + 1) At; 0) (—V/AL)
1 2 2

o2



+0(A%/?)

2r | €41 — At

= Bl {-(1+ N Elsiae” (i + AL o)) + O(AEY2) .

For further computation of Vi, one needs delta at time (i + 1)At. Moreover, it is necessary to compute
vega for European options at time (i + 1)At to evaluate Vi. This implies that one has to use the
backward induction algorithm to compute vega for European options. Vega at the maturity date is given

by Ve(snat, NAt; o) = 0. These results are combined to form the computational formulas for vega:

€41 — HAL

2r
_ . . _ —rAty =
VE(S'LAhlAt?U) E[e { (1 + 0.2)} 2

E(sinte” (i + 1)At)]
+E[e_TAtAE(siAte“”1, (i + 1)At;0)sia1€7 e 41]

+E[e A Vg (siae” 0, (i + 1) At; 0)] + O(ALY/?) . (3.13)

Delta and vega at time (i + 1)A¢ are substituted by MS delta and vega to get MS vega at time iAt,

respectively. In other words, MS vega at time ¢At is defined recursively by the backward algorithm,

2 ir1 — AL )
VS (50 il o) = E[e_mt{—(l—i—;Z)}%S(sime“l“,(i—i-1)At)]

+E[e_’"AtA]gS(smte””“, (i + 1)At;0)sia:€7 e 1]
+E[e " AYMS (s;00e7 41 (i + 1)At; 0)] . (3.14)

Note that we formally assume Vév ~1 = 0 if the pay-off function ®(-) is not smooth one. Although the

order for the error term of equation (3.13) is equal to O(At%/2), the relation
Vie(s,0;0) = VM5 (5,0;0) + O(VAL) (3.15)

has to be satisfied. This is shown in (7.21) in appendix. As an alternative approach, the finite difference
approach is used to obtain vega for practical purposes. In many cases, it works well: however, in some it

does not, for example one cannot obtain a stable estimator of vega for digital options.

3.4 Computation of Rho

The computational method of rho for European options is discussed in this subsection. Rho measures
the sensitivity of the option price with respect to changes in the spot interest rate level, r. It is defined

by the first derivative of the option value function with respect to the spot interest rate, ». The price and



rho for European options are denoted by £(s;a¢, tAt; ) and pg(s;at, 1At; r), respectively, if the price of

underlying assets at time At is given by s;a;. Simple calculation yields
pe(siae, AL T) = pi + py + pj

where pi, pb, pi are given by

pi = —Ate_TAtE[g(SiAt€U€i+l7 (i + 1)At;r)]
pé = e_TAt{%S(siAtem/E, (Z + 1)At7 7") + a(szp)g(siAte_Umv (7’ + 1)At7 T)}
py = e M Elpp(siace” (i + )AL T)]

The derivative % in p} is given by

0 At VAL
gp= c At = +O(AP?2) .
or ea\/Kt _ e—U\/Kt 20

This relation and the formula (3.8) leads to the further calculation,

; At VAL —VAt :
ph = AR i+ DAL T) + T =E(siae” VA (i + DAE )} + O(AE?)
efrAt

= E[E(sinee” 1, (i + 1)At;7) (€541 — pAL)] + O(AL/?)

o
In order to compute p}, one needs to compute rho at time (i + 1)At, i.e., pp(siaei+t, (i + 1)At;r).
This implies that one has to use the backward induction approach to evaluate rho. These results are

combined to form the computational formulas of rho for European options:

pE(Sint, IAL;T) = e*TAtE[(eii1 - M—At — At)E(sinre” 1, (i + 1) At )
o o
+pp(sine” 1, (i + 1) At; )] + O(AE/?) (3.16)

In order to compute MS rho at time iAt, rho at time (:+ 1)A¢ is substituted by MS rho at time (i41)At.

In other words, MS rho is defined recursively by the backward algorithm,

1 pAl
P (sians 1M 7) = MBI — EEm — ADE (siage™ 0 (14 DAL ) 4+ o} (sia0e™ 0, (14 1) AL 7))

Although the order for the error term of equation (3.16) is equal to O(At*/?), the relation
pi(s,0;7) = pi % (s,0;7) + O(VAL)
has to be satisfied. This is also shown in appendix.
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4 Computation of Greeks for American Options

We suggest a new algorithm for computation of Greeks for American options. An American option is a
contingent claim that its holder can exercise at any time before its maturity date. Consider an American
option with a pay-off function ®(-) and a maturity date T = NA¢. If the price of underlying assets at
time ¢At is given by x, the price of these options at time ¢At is denoted by A(x,iAt). The price of

American options is given by the backward induction algorithm:
A(z,iAt) = max{e "> (pA(zu, (i + 1)At) 4+ (1 — p)A(zd, (i + 1)At)), ®(x)} ,

where the price of options at the maturity date is given by A(x, NAt) = ®(x). Introduce new sets,
Si = {z]z € (0,00), A(z,iAt) = ®(z)} and C; = (0,00)\'S; (i =0,1,...,N). The continuous region
and stopping region for American options are defined by C = UN.,C; and S = UY S, , respectively.
We will present an intuitive way for the computation of Greeks for American options. If the price of
underlying assets at the initial time satisfies s € Sy, Greeks are simply the derivative of the pay-off

function. Sensitivity for American options at the initial time respect to a parameter 6, is computed as
89./4(8, O) = 69‘1’(8)

if the function ®(-) is differentiable at s € Sp. (Second derivatives such as gamma is given by 0s5.4(s,0) =
0ss®P(s).) If the price of underlying assets at the initial time satisfies s € Cp, Greeks are also given by the

derivative of the price function of American options, and it is given by?

0pA(s,0) = %[eiTAt{pA(su, At) + (1 —p)A(sd, At)}] . (4.17)

Notice that the formula (4.17) has a same functional form to the European options Greeks. Delta, for

example, is given by

S 05P(s) if s € Sp
Ay (570) = o

T EBlA(se”, At)(e1 — pAt)] if s €Cp .

2Strictly speaking, one cannot use our computational formula for delta if the initial price is on the early exercise boundary,
and one cannot use our gamma, vega, and rho formulas if the nodes on the binomial tree are on the early exercise boundary.
However, numerical results show that our formula works very well when we compute Greeks for American put options with
the pay-off ®(x) = (K —z)7 if the delta is fixed at A 4(s,0) = —1 on the stopping region and the boundary. This is because

we have a smooth-fit condition in the continuous model, and our model is an approximation of the Black and Scholes model.

11



One can compute other Greeks using same method. Numerical demonstrations are shown in Section 5.
The extended binomial tree of Pelsser and Vorst (1994) is one of the most suitable alternative methods to
derive delta and gamma using binomial trees. One can efficiently and accurately derive Greeks efficiently
and accurately as discussed in Section 5. However, one cannot apply this method to derive vega and

rho.

5 Numerical Results

In this section, we demonstrate the numerical results for the new computational methods of Greeks that
were introduced in previous sections. In order to check the effectiveness of our approach, Greeks for
American put options are computed by the newly proposed approach and the finite difference approach.
We also demonstrate the extended binomial tree approach of Pelsser and Vorst (1994) to compute delta
and gamma. It is well known that the extended binomial tree approach of Pelsser and Vorst (1994) yields
very accurate and fast algorithms to compute delta and gamma for options. On the other hand, the finite
difference approach is a very popular approach for computing vega and rho, as discussed in Hull (2008).
We also compare to the existent other tree methods for computations of Greeks.

Figures 2, 3, 4 and 6 plot the values of Greeks (delta, gamma, vega, and rho, respectively) for
American put options computed using our approach and the finite difference approach. MS Greeks,
extended binomial Greeks (EB Greeks) calculated by the extended binomial tree of Pelsser and Vorst
(1994), Greeks introduced by Hull (Hull’s Greeks) are also plotted in Figures 2 and 3. The extended
(N-step) binomial tree is a N + 2 binomial tree starting from —2A¢, as shown in Figure 1. The EB delta

and EB gamma are given by

A(s(2,0),0) — A(s(—2,0),0)

AEB _
A 5(2,0) — s(—2,0)
A(5(2,0),0)=A(5(0,0),0) _ A(5(0,0),0)—A(s(~2,0),0)
BB _ 5(2,0)—5(0,0) 5(0,0)—s(—2,0)
A 5(2,0) — s(—2,0)
where s(i,7) = s x u’. These results are computed using binomial trees with N = 1,2,---,50 steps for

one year. The parameter values assumed for these numerical studies were

s=100, 0=03, r=005 K=100, T=1 (year).

12



The MS Greeks (delta, gamma, vega, and rho) are represented by the real lines, and two kinds of dotted
lines represent the finite difference Greeks (FD Greeks) and EB Greeks. The horizontal lines in Figures
2 and 3 are the EB delta and EB gamma computed by the extended binomial tree with 100, 000 steps for
one year. The horizontal lines in Figures 4 and 6 are FD vega and FD rho computed using the binomial
trees with 100,000 steps for one year. Because we use very fine meshes for the computation of these
horizontal lines, these numerical results are expected to be very accurate. If the initial underlying asset

price s is in the continuous region, i.e. s € Cp, the FD delta and gamma are given by

A(s + As,0) — A(s — As, 0)
2As
A(s+ As,0) — 2A(s,0) + A(s — As, 0)
(As)?

FD
AA

FD __
s =

and the FD vega and rho are given by

A(s,0;0 + Ac) — A(s,0;0 — Ao)

FD (. (. —
VA (S,0,0') = 2A0’
A(s,0;r + Ar) — A(s, 0;1 — Ar)
FD . o s Yy s Uy
PEP(s,0i7) = -

where As, Ao, and Ar are small parameters. We take As = s x Ah, Ao = 0 Ah, and Ar = rxAh, (Ah =
10~3) for our computations. Figure 2 shows that MS delta converges much faster than the FD delta.
As shown, the oscillation phenomenon is observed for FD delta, whereas MS delta converges very fast.
Figure 3 shows that FD gamma is not stable, and we do not recommend the use of the finite difference
approach to compute gamma. This phenomenon has already been reported by Pelsser and Vorst (1994).
Moreover, MS delta and MS gamma converge slightly faster than EB delta, Hull’s delta, EB gamma,
and Hull’s gamma. Figure 4 reveals that MS vega converges slower than FD vega. However, this is not
a universal result. MS vega and FD vega for American put options are plotted in Figures 5 with strike
prices of K = 105 (in-the-money case). The oscillation phenomenon for FD vega is observable for the
options with the strike price K = 105. The behaviors of MS rho and FD rho demonstrated in Figure 6
are almost the same, and we found this to be a universal relationship in our numerical experience. It
is important to note the backward induction algorithm needs to be used only once to obtain MS rho,
whereas it has to be used twice to obtain FD rho. Hence, the computational time for MS rho is expected

to be shorter than that for FD rho. Table 1 lists the computational time and results for MS rho and
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Figure 1: Extended Binomial Tree

Table 1: Computational time for Rho

MS rho FD rho

Value -34.8461 -34.8460

Time 14.77 (s) 18.78 (s)

FD rho computed by a binomial tree with 10,000 steps 3. It was found that the computational time for
MS rho was about 20 % shorter even though the computational results obtained were almost the same.
Hence, computing MS rho rather than the FD rho is more advantageous.

Figures 7 to 10 present Greeks (delta, gamma, vega, and rho, respectively) for American put options as
a function of the price of underlying assets. The price range of underlying assets is from 50 to 200. Other
parameters used for these numerical studies are same as those used in the previous numerical studies.
Figures 7 and 8 plot the MS, FD, and EB delta and gamma computed using the 100 step binomial trees,
respectively. The curves of all the MS Greeks and EB Greeks are very smooth, whereas those of FD
delta and FD gamma are unstable. Figures 9 and 10 plot the MS and FD vega and rho using a 100 step
binomial tree, respectively. As shown in Figure 9, the shape of MS vega is very smooth, whereas the
oscillation phenomenon is observed for FD vega. The oscillation phenomenon for FD vega is especially
strong when the strike price is higher than the initial price of underlying assets. Figure 10 reveals that

the numerical results of MS rho and FD rho are almost same.

31t is enough to use binomial trees with 100 steps to obtain Greeks. Then, one can compute in an instant.
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Finally, we compared our new methods with other existing tree methods. We compare MS delta with
delta for European options computed by other kinds of binomial tree, namely tree methods introduced
by Chung and Shackelton (2002), Tian (1993), and Leisen and Reimer (1996). These are summarized
in Figure 11. In order to obtain delta using the binomial trees of Chung and Shackelton (2002) and
Tian (1993), we employed the extended binomial tree approach. On the other hand, we used the finite
difference approach to the binomial tree for Leisen and Reimer, because we wanted to implement simple
calculations. Leisen and Reimer (1996) introduced a new kind of binomial tree, which computes the price
of options efficiently. They construct two kinds of trees using two different transform formulas. Note
that because no significant difference is observed in two methods of Leisen and Reimer (1996), we used
"Method-1” described in their article. As shown in Figure 11, Greeks calculated by trees introduced
by Chung and Shackelton (2002) and Tian (1993) converges to the real value smoothly, however, MS
delta converges faster than these methods. Delta computed by the tree introduced by Leisen and Reimer
(1996) converges considerably fast, if one uses trees with odd steps.. It should be pointed out that it is

not easy to compute vega and rho by Leisen and Reimer’s binomial tree.

6 Conclusion

This paper presented new computational methods of Greeks using the binomial tree. There are two
important results in this paper. First, we obtain a very efficient algorithm to evaluate Greeks. It is
especially efficient to compute Greeks for American options. Although many studies have been conducted
for the computation of Greeks for European options, few papers have examined the computation of Greeks
for American options. We introduce the binomial tree approach to overcome these problems and confirm
its effectiveness for computing Greeks for American options very quickly and accurately. Numerical results
indicate that Greeks converge faster when computed using our method than when computed using the
extended binomial tree approach of Pelsser and Vorst (1994). Second, we show that Greeks computed by
our algorithm converge to the Greeks in the continuous time model. We also showed the relation between
MS Greeks and discrete Malliavin Greeks. We are now preparing an article on computations of Greeks in

the jump diffusion models using the binomial tree approach (Muroi and Suda (2013) and Suda and Muroi
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(2013)). One can use our approach to compute Greeks only if one can construct a recombining binomial
tree. In contrast, it is not clear how to compute Greeks using our approach if one cannot construct a
recombining binomial tree (e.g. stochastic volatility model). We also mention that sensitivity analysis
using the Malliavin calculus is important in many other research areas; see Privault and Wei (2004) and
Loisel and Privault (2009) for applications in ruin theory, and Corcuera and Kohatsu=Higa (2011) for
applications in statistics. Applications for the density estimation method have also been examined by
Privault and Wei (2007). We hope that our approach is applied to other research areas. We also believe
that computation of Greeks for exotic options using the binomial tree approach is remained as important

topics as future researches.

7 Appendix: Closed-Form Formulas for Option Greeks

There are two aims of this appendix; Firstly, we show that the order of error term for MS delta and
vega are given by (3.10) and (3.15). This is presented in section 7.1. Secondly, we prove that MS greeks
converge to greeks for continous time Black and Scholes model. This is shown in section 7.2. Closed-form
expectation formulas for MS Greeks (delta, gamma, vega, rho) for European options are investigated in
Appendix 7.2. We found that MS Greeks are approximations of the discrete version of the Malliavin
Greeks in the continuous time model and these results indicate that MS Greeks converge to Greeks for a

continuous time model (Black and Scholes model) when we take a limit, A¢ — 0.

7.1 Error Terms for MS Greeks

Let us assume that the pay-off function ®(-) is a smooth function in this subsection.

[Deltal

In this subsection, error terms of the MS Greeks are computed precisely. We still assume that the pay-off
function ®(+) is a smooth function in this subsection. First we compute a higher order term for the error

term for MS delta. Taylor expansion,

0

E(seTVEL AL = E(se VAL AL + o€ (5e7, A FVAD sy
1 0% oz 2 3/2
+5 525 (57, A (F2VA| _y yx7 + O(AL)
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yields the higher order term for equality (3.4). It is given by

o . .. E(se?VAE At) — E(se VAL ALY 0% .
5 (e Ay i = Tt £ o585 AOVAL .y /x5 +O(AY).

This leads to the higher order expansion formula for the delta given by (3.6):

e AL E(se7VAL At)VAL + E(se VAL ALY (—VAY)

so At 2

efrAt 62 82

oo P8l ADl_ymy = (1= p) 55 (e Al m) VAL + O(A1) (7.18)

SO

AE(S,O) =

The second term in (7.18) is calculated as
o? 0?
pﬁe(se”é At)|,_ya; — (1= p)@g(sen, A)|,__ /a7

82

PE
= (g 2E(5e7", Al)amo + 55 E(s7%, At)|.m0) VAL + O(AL) = O(VAL)

023
where we have used the approximation (3.7). This result enables us to compute delta given by (7.18). It

is computed as

e A £(se7V AL AL+ E(sem VAL ALY (—VAL)
soAt 2

Ag(s,0) = + O(At) .

Applying the formula (3.8), the higher order expansion for delta is finally given by
Agp(s,0) = AMS5(5,0) + O(At) . (7.19)

Error term is not identical to O(v/At), if we assumed smoothness to the pay-off function. This result is
used to derive the closed-form expression for MS gamma and MS vega.

[Vegal

Insert (7.19) to the formula (3.13) leads to

2 ir1 — HAL
Vilsianidta) = BleH-(1+ Z)) 1 tEL

E(sinee” 1, (i 4+ 1)At)]
+E[e*”AtAgS(smte“i+l, (i 4+ 1)At;0)sia1€” e 11]
+E[e A Vg (siae” 1, (i + 1) AL; 0)] + O(AY?)

This formula yields

Vi(siar, idt; o) = Vi(siag, iAt; 0) 4+ Vi(siar, iAt; 0) + Ele ™ Vp(siae®+, (i + 1) At; 0)] + O(AE?)

(7.20)
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where new variables Vi and Vi are defined by

2r | €41 — AL

Vi(sia,iAt;o0) = Ele ™ {—(1+ ﬁ)}f‘g(sime“i“v (i + 1)At)| Fiad]
Vi(sine,iAt;0) = Ele ™ AN (siare7, (i + 1) AL; 0)siare” €41 | Find] (i#N-1)
_ —r d o€
Vo' Hswv-nan (N = DAL o) = Ele™ S ®(@)lamsy_yacemy v-1)are” en|Fv-1)a]

If the pay-off function ®(z) is not smooth, we formally define Vév_l (s(n—1)at; (N=1)At;0) = 0, although
we assume that the pay-off function ®(x) is smooth in this subsection. If the pay-off function ®(x) is

smooth, vega given by (7.20) is further computed as
Vi(siat, 1At 0) = Vi(siae, i0t; 0)+Va(sine, 1AL a)—&-E[e_TAtVE(SiAte"““, (i+1)At; U)|}}At]+0(At3/2) )
Vega for the binomial tree model at the initial time is given by

Vi(s,0;0) VO(s,0;0) + V(s,0;0) + O(At?) + e "M E[Vg (se” V2t At; o))

= V{)(s, 0;0) + VS(&O;J) + O(At3/2)

+ ARV (se”Vat At o) 4 Vi (se” VAt Aty o) + O(AE?) 4 e T2V (se7V2At 2AL; )]

N-1
= Z e TIALEV(se”Wint 0;0) + Vi(se"Wint (At )] + O(VAL)
i=0
= VMS(5,0;0) + O(VAL) . (7.21)

[Rho]

Because rho at the maturity date is equal to 0, rho given by the formula (3.16) is further calculated as

pE(s,0;1) = efrAtE[(el%'uAt — ABE(se7 At; ) + pp(se”, At;r) + O((At)*/?)]
o €; — pAt
= Y emE(CTEEE AnE(se”ia, Aty )] + O(VAT)
o
i=1
= pM5(s,0;7) + O(VAL) . (7.22)

Note that smoothness of the pay-off function is not used to derive the fromula (7.22).
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7.2 Convergence of MS Greeks to Black and Scholes Model

In this subsection, convergence of the MS Greeks are shown. We assume that the pay-off function ®(-)
is not a necessarily smooth function in this subsection. We remove the assumption of the smoothness
for the pay-off function given in Assumption 3.1. In section 7.2, instead of Assumption 3.1, we make the

following assumption.

Assumption 7.1 We assume that the pay-off function, ®(-), is a function in the class K. K is the
class of real-valued functions on R that satisfy the following conditions: (i) ¢(-) is piecewise C?), (i)
at each x, the function ¢(-) satisfies ¢p(x) = +(d(z+) + ¢(z—)), and (iii) ¢, ¢, and ¢ are polynomial
bounded. We assume that f(-) is a function in the class K. Then Ele™"T f(St)] = E[e " f(se?Wnat)] —

Ele~"T f(setr=%)T+021)] = Ble~"T f(Pp)] (N — 00) is satisfied.

For example, the pay-off function for European call/put options is included in class K. Therefore, if
we demonstrate the convergence of MS Greeks to Greeks for the Black and Scholes model under this
assumption, we can say that MS Greeks for European call/put option is an approximation formula for
Greeks in the continuous time model.

[Delta]

MS delta given by the formula (3.9) is further calculated as

efrAt efrT
AMS(5,0) = S BIE(se, Al — pAD)] = o B[B(seT) (e — p0)
efrT oW
= LBl (6 — p)]
where we used the fact that €1,..., ey is an 4.i.d. sequence to deduce the last equality. This yields
1 N 67TT
MS _ aW: -
AP0 = D SR BB e — )
e T e T log(St/s) — poT
= E[®(se”"T —uD)] = E[® 2
BB (se” V) (Wr — )] = o Bla(sy) BT ()

where S7 is given by Sy = se?W~at. Note that this formula indicates that the MS delta is identical
to the discrete Malliavin delta. See Kohatsu-Higa and Montero (2003) about the Malliavin delta, for
example. If the pay-off function ®(-) is smooth, proposition 2.1 in Heston and Zhou (2000) leads to

efrT

[+0(x) = o BIB(Pr) Zr]+0(5) = AF (5,0)+0( )

e T log(Pr/s) — poT
E[®(P
soT [®(Pr) o

A%IS’(Sa 0) =
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where the stochastic process P; is a geometric Brownian motion given in (2.1) and AZ%(s,0) is delta in a
continuous time model (Black and Scholes model). Even though MS delta does not approximate delta for
the binomial tree model, if the pay-off function ®(-) is not smooth, it still is an approximation formula for
the continuous time delta. Under Assumption 7.1, corollary 4.2 in Walsh (2003) shows that the option
price in the binomial tree model converges to the options price in the Black and Scholes model. This

result shows 4

1

N

AMS(s5,0) )= AB3(5,0) + O(

e T 0 S) — puo
— Bl BT o

As previously discussed, MS delta does not approximate delta for the binomial tree model, if the pay-off
function is not smooth. On the other hand, even if the pay-off function is not smooth, MS delta still is
an approximation for continuous delta.

[Gamma]

MS gamma for European options is given by (3.12). Further computation of MS gamma yields,

—rAt e—rAt

e
g€ _
E[E(se”, At)(e1 — pAt)] + —

PEo (.0 =~ oA

E[A%s(se”“,At)e”“(el — pAt)] . (7.24)

The first and second terms in (7.24) are denoted by Gy and Gy, i.e. M5 (s,0) = G + Ga:

e—rAt ver
Gl = _ME[S(SG 7At)(61 — MAt)]
Gy = e_TAtE[AMS(se“l At)e™ (e — uAt)]
> T osAt E ’ aTH ’
The first term is given by
efrT - efrT N W
G = *ME[‘I)(SG T)(e1 — pAt)] = TIPS AIN ;E[é(se T)(ei — pAt)]

L a5 (W — )] = — AN (5. 0)
- 820'T T H - S E ’ 9

and the second term is given by

efrAt efrAt (rtea)
= E E larez) 2A — uA T (€1 — A
G = C Bl BIE(se” ) D) (e — pAD| FadJe (61 — )
1

WE[e#NAt‘I)(se”WT)(Q — pAt) (e — pAt)] .

4The order of error term is O(—=), if the discontinuity for the pay-off function ®(-) is not on a lattice point. However,
VN Y Y

if all discontinuities are on lattice points, the order of the error term is O(+;). See Corollary 4.2 in Walsh (2003) for details.

1
N

Also note that Chung et al. (2011) show that the rate of error terms of binomial delta for European options is O(1/N).
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This formula is divided into three parts, Go = G} — 2G3 + G3, where G3,G3 and G3 are

G = g Ble TR 0] = 5 Fle TR ey 0]
= WETQ%E[(TT@(S@”WT){(Z €)? — NAtY]
_ ﬁE[e_rTq’(SeUWT)(W% — )]+ O(1/N)
@ - mE[e""Té(se“WT)emAt] _ 5252TE[6—TT@(860WT)WT]
G = g Pl TR AR = Bl Ao

These results are combined into the closed-form formulas for MS Gamma:

e (Wp — uT)?

DY (s,0) = S Bla(se™ ) vy ) - 2y w0y

As discussed in the delta case, Walsh (2003) yields,

PES0) = G plagsy) (S _uol)T oS/ _uel Ly L o )
_ %E[@(PT){(I%(PT?T— poT)> 10g(PT/§) —poT %}] OV
= B — zr— Ly 0V = TS 0y + 00V

even if ®(+) is not smooth.
[Vegal
MS Vega for the binomial tree model is given by (3.14). The expectation E[V}] is given by

€i+1 — MAt

5 P(s5e7™7)] .

V] = e 0811 2y

Under the condtion i # N — 1, the expectation E[Vi] is given by

ENVY = Ele A Sea(Wiiiiil)aAtE[S(se“WiA‘+€'i+1e‘m“, (i + 2)At; 0) (€42 — pAL) | Fig1)ad]
xse?Wiatteiri)e, )]
o—T(N—i)At
= T{E[@(SGUWT)QHQH] — E[®(se”" T )er 1| pAt} .
Formulas
1 N
E[®(se”" T )eiyaeir1] = E[®(se”VT)ei€ (i) = mE[@(se”WT){(Z €;)? — NAt}]
i=1
= e ElR(se ) (W - )
1 al 1
E[@(se”™)eiqn] = NE[‘I’(SGUWT) Zﬁi] = NE[‘I’(%UWT)WT}



lead to
—r(N—1)At 1

e
oT {N—l

EV;] = B[®(se”"T) (Wi —T)] = B[@(se”")Wr]uAt} (i £ N 1)

If the pay-off function ®(-) is a smooth one, the expectation e="V=DAtF[PN=1] is calculated as

e—r(N—l)AtE[VéNfl] — e—rTseo'W(N,l)At\/E

X[pq)l(sea(W(N_Um-‘r\/E))ea\/B —(1- p)(I)’(se"(WW—l)At‘m))e“"/ﬂ]

0
_ ef’l‘TseO'W(N_l)Af,At X E@/(SGU(W(N—l)A‘+z))€UZ|z:0 + O(At3/2)
= e ™ TggeWin-nat At

X (<I>”(56‘TW<N*1)A‘)se”W(N*UAt + CI)’(seJWW*l)N)) + O(At3/2) =0O(1/N),
If the pay-off function ®(z) is not smooth, the relation
e (NI BN = 0 (= O(1/N))

still satisfied, because we formally assumed V3 ~! = 0. These results are combined into

= 2r € 1AL
4 i1 — oWr
Vi'S(s,000) = Y e T{—(1+§)}E[%‘I’(8€ )

=0
—rT

¥ Z (s B (™) (W3~ T)] — E[(se™ " )Wylut)

(Wr — pT)>
oT

e (Wr = uT) = 2)(se™V7)] + O(<)

As discussed in delta case, the approximation

Vg/IS(S,O;O') _ e—rTE[{ (IOg(ST/O—SS)T_ MUT)Z _ 1Og(ST/Z—) —poT . %)‘I)(ST)] —‘,—O(%)
T log(Pr/s) — uoT)?  log(Pr/s) —peT 1 1
e " E[<( g( T{TB)T M ) _ g( T/J) o _;)(I)(PT)]'FO(W)
TR Z%—Z 1 (Pr)] + O( !
e (ﬁ T ;) T) ﬁ)
 UBS(e0io) 1 O L
- VE (707 )+O(\/N)

is valid, even if the pay-off function ®(-) is not smooth.
[Rho]
In this subsection, we derive the closed-form formula of rho for European options. We also show that MS

rho converges to rho in the continuous time model. On the other hand, the formula

GTBAL  Apyg(senWese, Aty )] = e N-0b gy G AT
g g

E[( — At)B(se?Wrar)]
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leads the further calculation of rho. This formula is plugged into the formula (7.22) and we have

Wy — ul
o

p%jS(S,O;T) = efTTE[( —T)®(S7)] = T(SA%[S(S,O) —&(s,0;71)) .

The last equality comes from the closed-form formula for MS delta given by (3.9)(or (7.23)). As is the

discussions in the previous cases, the formula
P (s,0;7) = T(sAE5(5,0) — Ele™"@(Pr)]) + O(1/VN) = pg°(s,0) + O(1/V'N)

must be satisfied under certain conditions given by Walsh (2001).
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Figure 2: Delta for American put options (MS delta and Finite Difference delta, K=100)

Figure 3: Gamma for American put options (MS gamma and Finite Difference gamma, K=100)
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Figure 4: Vega for American put options (MS vega and Finite Difference vega, K=100)

Figure 5: Vega for American put options (MS vega and Finite Difference vega, K=105)
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Figure 6: Rho for American put options (MS rho and Finite Difference rho, K=100)

Figure 7: Delta for American put options as function of price of underlying assets. The strike price of

options is fixed at K=100.
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Figure 8: Gamma for American put options as function of price of the underlying assets. The strike price

of options is fixed at K=100.

Figure 9: Vega for American put options as function of price of underlying assets. The strike price of

options is fixed at K=100.
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Figure 10: Rho for American put options as function of price of underlying assets. The strike price of

options is fixed at K=100.

Figure 11: Delta (MS delta and delta computed by various kinds of binomial trees.)
MS: MS delta. CS: delta computed by binomial tree introduced by Chung and Shackelton (2002). Tian:
delta computed by binomial tree introduced by Tian (1993). LR: delta computed by binomial tree

introduced by Leisen and Reimer (1996).
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